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PEEFACE. 


Tins Treatise on the XJndulatory Theory of Optics was 
first printed in the year 1831, as the last Essay in the 
Second Edition of a series of “Mathematical Tracts;” 
and was suhscqiienfly reprinted, occupying a similar place, 
in successive editions of that work. 

At the suggestion of the Puhlisher, it has now, with 
my approval, been printed in a separate form. Its arrange- 
ment and details are however the same, without material 
alteration, as in the Fourth Edition of tlie “ Matliematical 
Tracts.” 

I am hap])y to state tliat the work lias been passed 
tlirough the press under the superintendence of Robert 
Morton, Esq., B.A. of St Peter’s College, Every security 
is thus given for the general accixracy of tin.': publication. 

(1 n. A IRY. 


Royal ( )HrtHuvAToiiY, (1 h kkn whmi. 



kxteact fbom the preface to the second 

EDITION OF THE MATHEMATICAL TRACTS. 


The Undulatory Theory of Optics is presented to the 
reader as having the same claims to his attention as the 
Theory of Gravitation: namely, that it is certainly true, 
arid that, by mathematical operations of general elegance, 
it leads to results of great interest. With regard to the 
e.vldence for this theory; if the simplicity of a hypothesis, 
\vliicli explains with accuracy a vast variety of phsenomena 
of tlie most complicated kind, can be considered a proof 
of its correctness, I believe there is no physical tlieory so 
iinnly cstablislicd as the tlieory in question. Tliis can be 
lidt completely, perhaps, only by the person who lias both 
<)])Hcrvcd the plnenomena and made the calculations; as to 
my own pretensions to the former qualification, I shall 
merely state that I have repeated nearly every (‘.xperiment 
alluded to in the following Tract This characta- of cer- 
tainty I conceive to belong only to what may be called th(‘ 
(jvonietriml ])art of the theory : tlie liypotlicsis, namely, that 
light consists of undulations depending on transversal vi- 
brations, and that tliese travel with certain vciocities in 
(Hire, rent media according to the laws Inu'e explained. The 
liii'clurntv.dl pari of the tlieory, as the supiiositions rclativt* 



viii EXTliACT FROM THE PREFACE TO SECOND EDITION. 

to the constitution of the ether, the computation of the in- 
tensity of reflected and refracted rays, &c., though generally 
probable^ I conceive to be far from certain. 

“ The plan of this Tract has therefore been to include 
those phsenomena only which admit of calculation. Many 
subjects are thus excluded (for instance, the absorption of 
light by coloured media) for wdiich supplementary theories 
are still wanting. On the other hand, the investigations 
are applied only to phaBnomena which actually have b(‘.en 
observed : as I have thought it useless to suppose imagi- 
nary combinations, wlierc the real conditions of experiment 
offer so great variety. 

“ The second investigation of the intensity of light re- 
flected from a glass surface, and that of the nature of liglit 
reflected internally and totally from glass, were written as 
a conjectural i-estoration of Fresnel’s investigations, wlieii 
his paper was supposed to be lost. Tliat paper has since 
been found and published: the only alteration whicli it 
appeared necessary to make is contained in tlic nol:c attached 
to the latter.” 
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ON UNDULATIONS GENERALLY. 

Prop. 1 . To explain the nature of an Undulation. 

1. The characteristic of an undulation is, the continued 
transmission in one direction of a relative state of particles 
amongst each other, while the motion of each particle sepa- 
rately considered is a reciprocating motion. The disturhance 
of the particles from their state of rest, and their motion, may 
he in any direction whatever. 

2. For example: in fig. 1, let the line (a) represent a 
number of particles in their position of rest : and suppose 
that in conseq_uence of a disturbance they are at a given time 

Tin tlie position (/3) : at the time in the position ( 7 ) : 

at the time T + ~ , in the position (S) : at the time T-f --- , 

in the position (e) : and at the time T-j-r, in the position (f) : 
and in intermediate positions at times intermediate to these. 
At the time T the particles are in the state of greatest con- 
densation about < 2 , Cl, and a". Suppose we fix our attention 
on one of these condensed groups, as for instance that of 

which o! is the center. At the time T-\-- the center of the 

4 

condensed group has glided from a! to d', not by the motion 
of all the particles in that direction, but by such a difference 
of motions that the particles about a! are not so close together 

1 
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as they were, and the particles abont d' are closer together 

• St" <■ 

tlian they were. At the time the point of greatest 

condensation has advanced to g, precisely the point where at 
the time T there was the least condensation : at the time 

y+ — 5 it has advanced to Ic: and at the time ^T+t, to a\ 

The particles are now, it may be observed, in just the same 
state as at the time 1] for a" was then the center of a con- 
densed group. After this, everything goes on in the same 
manner, beginning at the time T+r, as it did beginning at 
the time T. All that we have said with respect to the con- 
densed mass about a' applies to those about «, a", and a'\ 
Now if these motions were really going on before our eyes, 
we should see several condensations (not the condensed par- 
ticles) passing uniformly and continuously from the left to 
the right of the line of particles. 

But if we fix our attention on any one of these particles, 
we shall see that it has a reciprocating or oscillating motion. 

The particle a is advancing from T to when it has 

3t 

attained its greatest advance: it recedes then to T-{ : it 

4 

then advances again. The particle d advances from T (when 

• • • • • St* 

it is at its minimum advance) to — i it then recedes 

to r -h T. The particle g recedes to j j tlien advances 
3t" 

to T + — , then recedes. And so for the others. The vary- 
ing state of particles which We have here supposed, satisfies 
therefore the conditions mentioned in (1), and therefore this 
is an instance of undulation, the motion of every particle 
being baclavards and forwards in the same line as the direc- 
tion of transmission of the wave^'. 


This is the land of undulation which in the air produces sound, and is 
the only kind which, till within a few years, was used for the explanation of 
’ the phenomena of Optica. 
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3. As another example;, let (/3), ( 7 ), (S), (e), (^), of %. 2 , 
represent successive states of the particles which when at rest 
were in the position (a). If we fix our attention on one of 
the most elevated parts, as for instance 4, at T, we find tliat 

T 27 " 

at j the elevation has passed to a; at r+ — to cV: &c. : 

though the particles have had no motion .whatever in that 
direction. And if these motions were actually before us, we 
should see several elevations ]iassing uniformly and continu- 
ously from the left to the right. But if we fixed our attention 
on any one particle, we should see that it has an oscillating 
motion above and below the line. The particle a for instance, 

is at its greatest elevation at T-f j , and at its greatest de- 
pression at T-f — : d is at its greatest depression at at its 

27". • 

greatest elevation at and at its greatest depression 

at T+ t : and so for the others. This varying state of par- 
ticles is therefore another instance of undulation, the motion 
of every particle being . at right angles to the direction of 
transmission of the wave. 

We might conceive more complicated cases of undulation, 
as when the motion of the particles is compounded of the two 
motions supposed in these two cases'^' ; or when there is one 
motion similar to that represented in fig. 2 in the plane of 
the paper, and another ] 3 erpendicular to that plane &c. 
The last of these suppositions is that to which we shall liere- 
aftcr refer the pha 3 nomena of polarization, and of Optics in 
general. 

Pnop. 2 - The length of a wave does not depend on the 
extent of vibration of each particle. 

4. It is easily seen that the interval between correspond- 
ing points of two waves of condensation in fig. 1 (which is 

This is the kind of undulation -wlilcli takes place on the surface of deep 
water in a calm. 

t This is the undulation 5f a musical Btring. 

1—2 
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the distance from a to a\ d to d', &c. at T, or the distance 
from d to d\ d' to d'\ &c. at is wholly inde- 

pendent of the extent of vibration of each particle. For if 
each particle vibrated only half as far as is now supposed, 
still at T, a would be a point where the particles are most 
condensed, and d would be the next point where tlicy are 
most condensed, and d' the next, &c. The interval between 
similar points of two waves (which we shall call the lengtli, of 
a loave^ and shall always denote by the letter X) would be the 
same as at present: the only diiference would be that the 
particles about a, a', &c. would not be so closely condensed, 
nor those about g, g\ &c. so widely separated as at present. 
Similarly the length of a wave in fig. 2 would be unaltered 
if the vibration of the particles were altered in any ratio : 
the only difference would be that the elevation of the high 
])oints and the depression of the low points would be altered 
in that ratio. 

Prop. 3. The length of a wave depends on tlic velocity 
of transmission, and on the time of vibration of each particle. 

5. In the cases both of fig. 1 and of fig. 2 (and in every 
other conceivable case of a continued sequence of waves) wo 
see that every particle has returned to the same state at t 
as at that is, that tlic vibration of every particle is com- 
pleted in the time r. But in this time the wave lias appeared 
to glide over a space equal to tlie interval between cor- 
responding points of two waves, or X. Hence we find. 

Space described by the wave in the time of vibration of a 
particle = X. 

Yelocity of wave = t-- ^ r~ . 

time 01 vibration or a particle 

Prop. 4. To express algebraically the transmission of an 
undulation. 

6. The quantity for which we shall seek an expression is, 
,the distance of any point from its point of rest, in a function 
of the time and of the distance of that point of rest from some 
fixed point. Let x be • the original distance of any point in 
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c line (a) from some fixed point : to find an expression for 
disturbance at the time t, in a function of x and t, con- 
tent with the conditions of an undulation. By the original 
scription of an undulation (1), putting v for the velocity of 
3 wave’s transmission, it is easily seen that whatever be the 
Lte of disturbance at the time i of a particle whose original 
iinate is x, the same state of disturbance must hold at the 
le for a particle whose original ordinate is a; -h vt\ Or 
p express the form of the function, 

(j> {x, t) must = <p[(x + vt'), {t + !{')}, 


latever be the value of It will be found on trial that 
[vt — x) satisfies this condition, cf) being any function what- 
ir. For putting if 4* t' for t, and x + vi for x, it becomes 

<f) {v {t + 1') — {x-\- Vif')} = <f> (vt — x), 

i same as before. But it may be found analytically thus. 
:panding the second side, we have 


<p (x, (x, t) + 


( x, t) d . ^ {x, t) 


dx 


dt 


i + &c., 


_ d.^ (x, t) ^ d,^{x,t) 

01 + -- _ 0 , 


A ' ^ 


i general solution of which gives 

<p {x, t) = <p {vt — xy^'. 


7. Tliis expression however is too general to be of much 
to us, and we will choose a particular form that will be 
'TO convenient. Suppose we fix on this condition to deter- 
nc the form of the function: the vibration of each particle 
ill follow the satne law as the vibration of a cycloidal pen- 


“ Tills is tho oxprosalon found, by investigation. from mcchaniml principles, 
the diatnrba,nco of tlic particles of air when sound passes along a tube of 
’orm l)orc, or for the diHtnrbaaco of an elastic string (as that of a musical 
rumcrit) fixed' at both cuds. 
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dulum. The distance of a cycloidal pendulum from li.s [daet^ 
of rest is expressed by 

a sin I , or a sin + C). 

The required function then for the disturliaiiee, of a jiarlicli-, is 

a sin (;vt — n:) + yi| . 

For while we consider the motion of a single. parlicK^. only, .r 
is constant, and the expression is 

a sin (nt 4- G)^ wlierc C==A — - 

At the same time it is a function of and 

satisfies the condition requisite for «an undulation. \Vh‘. will 
therefore assume as the expression for the disturbane-c 

csin {nt — 

But it is plain that, without any loss of geniavdity, \xv. ma y 
get rid of A by altering the origin of tinu‘, irom wliirh t is 
reckoned, or the origin of linear measure from which a; is 
reckoned. We may therefore take 

■ , . / ^ nx\ 

* a sm ( 1 

as the expression for the disturbance wluvn om^, unditlation 
only (consisting of an indefinite number of similar waves) is 
considered. 

8. A form somewhat more convenient may be givmi thus. 
The expression 

asm {nt — - \-A) 

V ' 

goes through all its periodical values while nt increases by 
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27r. or wliile t increases by — . — is therefore the time of 

n n 

vibration of a particle. But by (5) 


_ X \n 

time of vibration ^ir * 

01 

Consequently n = , and therefore the disturbance 

A 

'277 


VX- 

= <2 sin (^J^ — a;) + ^ ^ , 


for which we may put 


. (277 , 

a sin 4— {vt — x) j* 


when a single undulation only is considered. It is to be ob- 
served that a is the maximum vibration of any particle. 

Prop. 5. To explain the interference of undulations. 


9. By inferference is meant the co-existence of two un- 
dulations in which, the length of a wave is the same. The 
conception of interference is not in any circumstances casyt, 
and it is more particularly difficult with regard to Physical 
Optics, from our ignorance of the physical causes to which the 
undulation is due. 


This is the form of tlio function tacitly assumed by Newton for the dis* 
turbanco of particles of air, in his investigation of the velocity of sound. (Prin- 
Lib. If, Prop. 47). 

t The simplcHt illustration is perhaps to be found in the cro.ssiug of two 
waves on the surface of water, each of which affocta the surface in the .same 
maimer as if the other w^ere not there. If we conceive two series of waves, 
jiroduced l>y u.gitsiting the surface at two points, to spread in circular forms 
■with e(jual and uniform velocities, and if one agitation was created a little be- 
fore the other, so that the wave proceeding from one has proceeded as far (in 
a given direction) as the hollow between two waves proceeding from the other, 
tlien it may be imagined that at every point where this holds, the elevation 
of one wave may exactly lill up the hollow of the other, and the surface will 
be, in fact, undisturbed. 
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10. “^If we investigate, from the known properties of air, 
the motion of the particles (supposed parallel to a fixed line), 
we find this differential equation for the disturbance of a 
particle 

dt ^ d:)d 

{if being a constant, = mgH in the common notation, and X 
being* the disturbance from the state of rest), and the sola-' 
tion is 

X = <56 ('yjJ — ic) + 'v/r (t;i{ -p £c) , 

where the form of the functions is to be determined by the 
initial circumstances. Or if we suppose the wave of air to 
move only in one direction, the expression for the disturbance 
will be (vt — x ) . And this may be divided into several dif- 
ferent expressions, 

a/t [vt ~ cc) 4* % [vt — £c) 4- u — a;) 4- &c. 

where the form of each is to be determined by the initial cir- 
cumstances, or by the cause of the undulation. If there was 
only a single original cause for the undulations, there would 
be only a single term 'xjr [vt--x) to be preserved. But if there 
were several distinct original causes for the undulations, there 
would be a single term corresponding to each of these to be 
preserved, and the whole disturbance would be the sum of all 
tlicse terms. And it is particularly to be remarked, that the 
whole disturbance thus found as the effect of all the original 
causes together, is precisely the sum (with their pro])er signs) 
of a number of disturbances, each of which would have been 
produced by one of the original causes acting separately. 

11. Now if we examine to what this property of the solu' 
tion of the differential equation (namely that it cair be broken 
up into several parts all similar to each other and to the wliole) 
is due, we find it is owing to the circumstance that the diffe- 
rential coefficients of u were raised only to the first power in 


■** The reader who is not familiar with the investigation of the prohlein of 
Sound may omit the next three articles. 
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tlie equation, or (to express it in other words) that the equa- 
tion was linear. For the differential coefficient of the sum of 
a number of functions is the same as the sum of the differential 
coefficients : but the square of the differential coefficient of a 
sum of functions is not the same as the sum of their squares, 
&c. If then the differential coefficients (and the unknown 
quantity itself if it enters in the equation) be all of the first 
dimension, the substitution of a sum of functions is the same 
as the sum of their substitutions separately, and therefore if 
each of those functions satisfies the equation, their sum will 
satisfy the equation. But if they are raised to a higher power, 
the substitution of the sum is not the same as the sum of the 
substitutions, and therefore if each function satisfies the equa- 
tion, their sum will not 

12. If now we retrace the steps of the investigation for 
air, it will be seen that the linearity of the differential equa- 
tion depends upon this physical fact, that upon altering by a 
small quantity the relative position of particles, the forces 
which they exert undergo variations very nearly proportional 
to that small quantity. And in any other case where tliis 
holds, the equations will be linear ; and the wave-disturbance 
of any particle, produced by a number of agitating causes, 
will be the sum of all the wave-disturbances which these 
causes would singly have produced. We can hardly conceive 
any law of constitution of a medium in which undulations are 
propagated, where this does not hold, and we shall therefore 
suppose it to be true for light 

13. Taking it then as a fact that the disturbance of every 
particle produced by two co-existent undulations will be the 
sum of the disturbances which they would produce separately, 

will consider the nature of the disturbance produced by 
the superposition of two such undulations as those treated of 
in (7) and (8), each of which is represented geometrically by 
fig. 1, if the vibrations arc in the direction of the wave’s 
transmission, and by fig. 2, if they are perpendicular to that 
direction. For convenience of figure, we will suppose them 
of the latter class : but all that we say . will apply as well to 
the former. We will suppose the length of - a wave the same 
in both undulations. In fig. 3, let the Italic letters of (a) 
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represent tlie stcate of an undulation, at the time T, wlierc the 
law of vibration is 

a sin ^ — 0 ? + -4), 

A 

and let (/3) represent the state of another undulation at the 
same time where the law of vibration is 

, Z> sin— — a?-]- J?). 

A 

If from any point in (a) we measure upwards a distance equal 
to the elevation of the corresponding point of (yS), or measure 
downwards a distance equal to the depression of the corre- 
sponding point of (/3), we sliall determine the position of the 
Homan letters. Their distances from the straight line re- 
present the effect of the superposition of the two undulations. 
This is evidently an undulation of the same kind, a;nd with 
waves of the same length, as either of the others. But in the 
instance as we have supposed it, the addition of the undula- 
tion (/3) to (a) has diminished the maximum vibration of the 
latter, and has made the maximum to exist at a different part 
of the line. TIius we sec that the magnitude of vibration 
in an undulation may be diminished by the addition of 
anotlicr undulation transmitted in the same direction. Tliis 
is a point of great importance, and deserves the reader’s at- 
tentive consideration. 

14. The geometrical figures which we have given arc 
merely illustrations : the conclusion that wc have an-ived at 
will be more readily obtained from the algebraic expressions. 
Adding together the two disturbances 

a sin [vt — a?) + and h sin - 
wc have for the whole disturbance 
{a cos -4 + Z> cos B) sin 

+ (<^ sin -4 4- J sin B) cos 



Y,7r 

X 


{vt - a?) + , 
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This may "be put under the form 
c sin {^t — 

if c cos C = a cos ^ + 5 cos B, c sin (7 = a sin -4 4- J sin B. 

It is very important to remark that the square of c, the new 
coefficient, is the sum of the squares of the coefficients of 


sin 


27r 

X 


{vt — ir)| and cos {vt — a?)| , 


W e shall have occasion frequently to refer to this theorem. 
In the present instance, 

o-^=a^ + 5^-I-2a5cos {A — B): 
and the quotient of c sin (7 by c cos G gives 

a sin A-\-lj sin B 


tan Q = 


acos-d + icos 


The form of the expression 


c sin 1“ {^t ■— cc) + O! 


shews til at the length of a wave is the same as in either of the 
undulations compounded ; but tlie difference of value of G 
from A and B shews tliat the maximum of vibration for a 
given ])article ’ docs not generally take ])lacc with the same 
value of t as for either of the undulations compounded. The 
magnitude of the maximum vibration, which is c or 

^l\(i 4- %ab cos (A ~ i?)}, 

depends on the value of A—B: its greatest value is a 4- 5, 
when A — B=0y and its least value is a - d, when Jl B = ISOh 
In these two cases G is equal to one at least of the two angles 
A and B. 


Prop. 6 . To examine the effects of interference, of two 
equal and similar undulations : and to shew that when one is 
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^ lengtli of tlie wave behind the other (^9 
wliole number) they will destroy each other. 

15. In the case of equal vibration, <2 = 5. The 
c is then 

V{2<:r-1- 2d; cos {A — B)} = 2a cos , 

A 


and tan 0 = 


sin A + sin B 
cos A + cos B 


= tan 


A-^B 

~2 ’ 


or C 


A -1- 



// 


If -d — i? = 0, the value of c is 2a, and 0 = A: that is^ ^ ^ ^ ^ 
add two such undulations as (j3) and (^) (fig. 2), wo 
have an undulation in which the maxima are at thc.'i nn me 
places, and the maximum vibration is double what i i* was 
before. A^’^ith any other value of c is less tli:xii : 

and when B=:A± 180^ c is 0, that is, there is no i<>n 

whatever. To understand this clearly, we must considc.i’ 1 lat 
is meant by the expression 


a sin 


_P jjj 


? 


or, (in this case of destruction of the motion) 


a sin 

This is the same as 


(vt — cc) + A ± 






Now this is exactly the same expression as 


a sm 


27r 


(vif- 




putting a;+ - instead of x. That is, the expression fax- tlio 
disturbance in this second undulation, if B = A + 180“, is tins 
same as that in the first, provided instead of x we take x ^ ^ 

That is, one of the undulations may be represented byr "tlic 
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same construction as the other, provided we suppose it in ad- 
vance or in arrear of the other by half the length of a wave. 
The undulations (/3) and (S), or (7) and (e) in figures 1 and 
2 have this relation to one another. And it will very easily 
he seen in fig. 2, that if we compound (S) with {jS) hy a 
process similar to that which we used in fig. 3, (13), the 
elevations of particles in (3) will correspond to equal de- 
pressions in 0), and vice versa, and consequently by their 
combination the particles will all be brought to their original 

position. . The same will be true after the time - when (/3) 

lias been changed to (7), and at the same time (S) has been 
changed to (e) ; and at every other time : and therefore there 
will be continued rest. Thus we arrive at the extraordinary 
conclusion that one undulation may be absolutely destroyed 
by another with waves of the same length transmitted in the 
same direction, provided that the maxima of vibrations are 
equal, and that one follows the other by half the Icngtli of a 
wave. Since the retardation of a whole length of a wave, or 
two whole lengths, &c., produces no alteration in an undula- 

tion, it is plain that a retardation of ^ ■ , * — , &c. will produce 

the same effect as a retardation of^; and thus two undula- 

tions will destroy each otlicr if the maxima of vibration be 
the same and the waves be of the same length and transmitted 

in the same direction ; and if one follow the otlier by “ , or 

A 

?iK p 

-7 > T ’ 

16. The reader is requested particularly to remark this 
apparently strange conclusion. It is of the greatest import- 
ance in Physical Optics, for the following reason. We shall 
]’efer hereafter to experiments which, shew that tlie mixture of 
two pencils of light will produce darkness. This fact seems 
to defy any attempt at explanation on the supposition that 
light is occasioned by the emission of material particles. But 
in consequence of the conclusion at which wc have just ar- 
rived, it is perfectly explicable on the supposition tliat light 
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consists of a series of waves of cIIIho' of tin* kinds incnfloiH, 
in (2) and (3), transmitted by some imslinm whirii jxtv.'uIi 
space. It is only necessary for perieef <'ie;rermcnt I hat, in || 
two pencils which miXj the "waves of oiu*. precede, thn.se, of t|, 
other by spaces which may he R‘.pre.s<m((‘d by 

A :a nx .. 

which is found cxperinnmfa,1!y to In*. tnu‘* Any oilier }iv[h 
thesis, however, from which the. same, eone.l union eoii},i i 
deduced would be, p-ma /bom, e(|unJly eailiiled fo onr ai 
tention. 

Pnor. 7. To find the result of tlui inlerfenmee (.j’ an 
number of waves. 

17. We have shewn in (I-l) the. nn-thod of eoiupoimdin 
the effects of two waves: the (dle.et of several is Ibmid in jin 
the same manner. Suppose for instamu*, {he di,;jurbanre j,r, 
duced by one undiilatiou was expressial by 

f27r ) 

asin|.^ (vt-x) : 

that of a second, by 

& sin {vt ~ x) :/j ; 


that of a third, by 


The sum of these is 


-I- A'j, 


Tvliich -we will call 


J , .^-,0. 


. f27r 


HIU . 

(r^.. ,■) 

f27r 


eort . 

[X 

(rt. .r) 


-Fsin |~ (vt - j + (7 coh |y (ot _ a;)| . 
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Tills, as in (14), may Ibe put under the form 

c sin [vt — a;) + o| , 

if F=c cos G, G — csinC; 

whence c = ^/{F^ + G^), tan C . 

In some cases, where the effects of an indefinitely great 
number of indefinitely small waves are to be combined, F 
and G maybe found by integration: c and C arc ■ then de- 
termined by the same process as that just given. 

IS. It remains now only to notice some cases of undula- 
tion not included in those already treated of. One is, that a 
single wave may be transmitted tlirough a medium (as we 
know to be true with regard to air), and then our theorems 
about interference arc not true. This however will not come 
under consideration, as there is reason to think that a single 
wave in air or in tlie medium of light would not produce tlie 
sensation of sound or colour. We shall generally consider 
the undulation as a succession of a great (but not infinite) 
number of waves. Anotlicr is, that the magnitude of tlie 
maximum vibration of a particle niay depend on its situation: 
for instance, if waves diverge from a center, the vibrations 
must be more violent in the neiglibourhood of that center 
than at a distance from it. This will be represented by ex- 
pressing the extent of vibration at any time by 

'yjr {x) .(p(vt — x), 

or by the sum of several such functions. Since two succes- 
sive waves here would not be equal, our tlicorcrn about inter- 
ferences of waves lagging ^ ^ , &c. would not be strictly 

true: but it is easily conceivable that, at a distance from 
the center of divergence, the neighbouring waves would bo 
so nearly equal that our expressions would have no sensible 
error. 

19. Another case is, the interference of undulations whose 
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waves are of different length. We know with respect 
that the velocity of transmission is the same for waves 
lengths : and we might expect the same to hold good 
regard to light. We shall afterwards refer to experi 
which appear to shew that this is not true. Still wl 
V he constant or not, it is impossible to unite two 
terms as 


so as to destroy the original form. We have seen (17' 
when any number of waves is combined, supposing v \ 
the same for all, their sum contains no trace of tlic distil 
of waves in which it originated; and fixing u])on air 
point, or considering x as constant, the vibration is 
expressed by 



{vt- 


x) + and h sin [vt — cc) + jSj- 


the same form as that for the vibration of a cycloidal 
dulum. But the two expressions 

. (277?;^ f . 27ra;\] , , . fSW f 27t 

jj and J sin | 

cannot be combined into that form, unless - = , which 

K A 

is no reason to think true. The consideration therefo 
waves of different lengths may be kept perfectly separa' 
their ultimate effect will be the same as the sum of all 
separate effects, without any possibility of tbeir destroyii 
modifying one another. 


20 . The reader is requested to attend to the convent 
signification of the following terms. 

By a wave we mean all the particles included bet 
two which are in similar states of displacement and of me 
For instance, in any one of the cases (/3), ( 7 ), (5), (e), ,( 
fig. 1 or 2 , the particles included between h and 1/ 
a wave: or those between and f' form a wave: &c. 
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is easily seen that a wave includes particles in every possible 
state of displacement and of motion consistent with midiila- 
tory vibration. 

The length of a loave we have explained to be the distance 
between two particles similarly displaced and moving simi- 
larly. The interval, in time, of two waves (that is, the in- 
terval between the arrival of two successive waves at the same 
point), it will be recollected, is the same as the time of vibra- 
tion of any particle, (5). 

By the phase of a wave, wc shall denote the situation of 
a particle in a wave, considered as affecting* its displacement 
and motion. For instance, h and h' in fig. 1 or 2, are in 
similar g)hases^ because their displacements are equal, and 
their motions are also equal. But in (/3) fig. 2, I and / are 
not in the same phase : for though their displacements are 
equal, their motions are in opposite directions. Similarly f 
and h are not in the same phase, for their displacements are 
different tliough their motions are equal. It is readily seen 
that particles are in the same phase wlicn the distance be- 
tween them is a multiple of the length of a wave. 


Wc shall say that particles are in opposite phases when the 
displacement and motion of one are equal and opposite to those 
of the otlier. For instance, a andy, or e and l\ in (/3), (7), (8), 
(e), or (?), of fig. 1 or 2 are in opposite pliascs. It is easy 
to perceive that particles arc in opposite phases when their 
distance is an odd multiple of half the length of a wave. 

In. speaking of waves where the displacement of a particle 
is represented by 


a sin 


1277 


{vt — x) + Uflj , 


vt — x) -h A 


we shall consider the arc 

(^TT 

X 

as the measure of the j^hase. 

When we consider a wave as extending over space in a 
direction different from tliat in whiclx it is transmitted, we 
shall use the tann front of a wave to denote a continuous line 
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passing tlivougli all tliosc ])oin(.s an* in ilia aaina ]»li:i>u* 

in fig. 1, siippnsa. tliut a s(‘rii‘s oi wa\‘as of an amlnla' 
lion arc ])assiiig i’rom tlu*. side*. AH towards ^ ' am! : u|i|>ns(. 

that the line .7^/7^’ passes through a nuinlier oi* points whidi an 
siiniiltancoiisly in the*, sann*. phast* : iln'.ti A/' is a lioni (#t 
wave. If at tlie sann*. time. (HI he. aiiotln*!- lim* passini! 
through a numher of points which are siinullanrousl y in :ajui( 
other phase, (111 is anotlna* front of a wa\<'. In <-on idrrin'i 
S|)ace of three dinie.nsitins it is jdain that the iron! oi a wavr 
will generally L(‘. a surface. 

21. We shall now stah*. a prinel{>h* of wltieh we shall 
make extensive use in the. ealeulation of < )pti(’al phenomrna. 

21i.e O'lfcct of any ware, in (Usturhiny any ynn n jutinf nnaj 
hn found laj fahtny iliv fnait of tho irarr (ft any yn't ii fanr, da 
vultny 'it. into oai indvjinito •nundn'r of i^niall /nirts, ('mnadt rint) 
the ay itatlon. of each of t hone small parts as tho ransr aj a snadi 
wave loh'ieh 9 oiU dislnr/f the yivvn pointy and jimliny l>y ynnih 
ouaiion or into fjr ail on. the ayyreyatv (f all tin' distnrham'i s tf the 
\yiven jwint prod'ucikl hy the small iravrs root iny from id! jioini.s 
of tlte great 'wave. 

In denionslratlon of this jirineiph* if s(*<*nis siitheioiil to say 
that the agilalion of om*. part at one. time is n'ally and hady 
tlie. cause of th(‘, agitation ofaiiotin*!* pai'f at, anoihrr tinie : 
and that the ellect of the gr(*a.t. wav(‘, whitdi really i * a mnn- 
Ler of small agitations, will by (PJ) In*, the. sum oi* the eifeetH 
of all the small aAihh.ioiis. 

22. A rpiesilon now arisi's, AVhat I.! to limit the wave.-i 
diverging from (‘,ac‘li of th(‘se. small sour<’(‘s of motion? 'TIh* 
disturbance simauls g(‘m‘rally in a spln‘riral form, ;;o that 
the iront of ea.eli litthi wave*, is a sph<*i'<‘ : are vvr to snppo ‘r 
tlie sjdiere (‘.ompli^te., so that <‘a{*h small umhdalion is. propa- 
gated back\va.rds as w(dl as forwards? 

The iollowing auswea* app(‘ars to In*. <‘orreet, Imt if : appli- 
cation in several ca,s(‘s se(*ms douhtful. Tin* ellret o!' e;M'h 
small wave must lie, limited liy tin* sanu* <ainsidera! ions w liieh 
limit the e(re,ct of tin*. giH'at wav<^ Now wt* know, iVinn tin*, 
algehraieal investigation, that a. single, wave ma\ he tram- 
inittcd along a strctclu/d (*oril, or m air, without l»em!\' hd 
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lowed bj another In this case it is plain that the present 
agitation of one point causes the future agitation of the points 
in the direction in wliich the wave is going, but of none in 
the direction from which it came. In ligure 4 for instance, 
if a single wave is going from AB towards CD, and if EF be 
the front of the wave at any time, then we know that the dis- 
placement in EFi^ the cause of future displacement in GII^ 
because in consequence of the existence of this wave there 
will hereafter be a wave at GH'. but we know that the dis- 
placement in EF causes no future displacement between EF 
and AB^ because, though the displacement in EF exists, 
there Avill hereafter be no wave between AB and EF. If 
then, we divide EF into a great number of parts, we must 
consider tlie displacement in each as causing a liemisplierical 
or nearly hemispherical wave, which diverges only before the 
front of the great wave and not behind it. 

APPLICATION OF THIS THEORY TO THE EXPLANATION OF 

THE PILENOxMENA OP i;tGIIT AVHICII HO NOT DEPEND 
ON POLARIZATION. 

23. We shall suppose that liglit is the undulation of a 
medium called ether which pervades all transparent bodies. 
I tcspecting the direction of vibration of each particle we shall 
make no supposition till wc treat of polarized light, as the 


The fiincitioTi A" which expresses the aisturhance may he dhronthiuouf^, that 
is, may be expressed by different algebraical forms for dillereiit values of yL-ic, 

(which wo will call w), provided that does not alter ih'v sallam. X^or in- 

froin. w- ’b till 

= 6 A'"0 while 10 h > h + \. This is a discontiiiuoiis function ex])rcss- 

iiig a single wave (siticc the particles arc only disturbed wbeu vt - x is 

>Z><6 + X). And it satisfies tlie condition just mentioned, since is 0 

t^TT ( UtT 

till w~b: its value is tlien a, ^ - sin (^y — 6)y from w—b to w~~b-\~\ that 

^TT ^TT 

is, it increases gradually from 0 to a and diminishes gradually from a - ~ 
to 0: and when la is . is 0. 


stance X—0 while w is les.s tbaiib; X 


. f^TT 

- a vcrsiii I ^ 


(:w-h)\ 
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results of this section are intlepciidcut of tlu; (hrcction of 
hration: to fix the ideas, however, the roado.r may coiuTivi 
to be of the kind represented m lig. 2. VV('. shall siippt 

that a great number of similar waves follow without Intnri 
tion, and that the function wlneh expresses the, disiilaemu 
of a particle is 

a sin {vt — a;) -p . 

When in o]ir final results we have lomul tlu; expressiou 

TStt 


VI- 


III 


c sin 


vt 


1 (< I 

_,_6- ^ aj 


for the displacement of tliepartiel(‘.s tourlnno* a, sevnu'n itr fondi • 
ing the eye, we shall assume tlie iuliaisify ol’ llut fo hr 
represented^' hy We shall BUjjpo.so that I’olourof 


* We must take some even power of r to n‘|)rrH<>nt Liu; ialrniill.y, jiitjro Mm- 
undulation where the vibration is exi>rcBHctl hy 

- G sin I — (i’t “ -jr) 1' 


differs in no respect from that whose vibration in <‘xpn‘,M;ic(l by 

( e 7r ) 

+ csm| ^ (rC j') I t 


except that it is half the length of a wav<i Ixifonf or bcliind it. "fin' |.ropri< i\ 
of using the second power may be thuH kIiowh. If two cruHihxi giviii- (Ik- 
same light be placed near each otbei* an<l nliino on l.lui nudrn^ lu'i’oi tj, \v<- ii:iv lb;if. 
there is twice as much light as if oncf only were on it: and thin niav 

be regarded as the experimental clofiriition of doubbj the (luantil.y uf li-dn' 
is^ow if the vibration excited by one of til CHO bo ’ ‘ 


fx" 


and that excited by the other be 


C sin 1“^ (i;& - . u‘) 1 - /^| , 
the whole vibration will be the sum of tlioHo, <»r 

Cv/{2 + 2cos alu | ^ f''' ■'') ' 

where tan f 'f him /) 

OOH (J COH IJ “ 
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do, pends on tlic value of X, but that X is always very small : 
that for extreme red rays it is 0,00002GG inch : less for yellow: 
still less for green, blue, and indigo successively, and least for 
the rcddisli violet rays, for wliich X = 0,0000107 inch. Com- 
mon white light we shall suppose to consist of a mixture of 
waves of all lengths intermediate to tlicsc. 

8. A succession of waves, wliosc fronts are parallel 
to the scHicn (JJ) (fig. h) in which is the comparatively small 
ojiening is moving towards the screen: to find tlie mag- 
nitude of vibration on any point G of the semicircle CGI). 

24. Let ir'ho. the center of AB and of tlic semicircle, 
and let II G = T, (MG = 6, HA = h : divide AB into a great 
number of small ])arts, and let the distance of one at Z from 
1 1 be and its breadtli hz : then 

ZG = V (r“ — 2r cos 6 .z + rr). 

Wlicn a wave comes to AJ), consider separately the parts 
(‘.orrcspondiiig to the small divisions oi' AB. It seems reason- 
able to suppose that each of these small pa,rts will cause a 
diverging wave of equal intensity for all values of 6. For if 
lh(t medium w(‘vc air, and a rush of particles took place as in 
iig. :i , from the only cllxict in the small ]uu*t under con- 
sideration would be to cause a condensation of air: and this 
would cause a wave of equal intensity for all values of 0. If 
the vibrations were like those of fig. 2, and perpendicular to 
the plane of tlic paper, the same tiling appears evident : if 


If ilu^ I)(‘ n^ivrcHonUid l)y tlio H(|imrc of tlio cocfficioiit wc liiivo 

iVoDi a candle 

from two (uindlos : - 2c“ -1- 2(*^ cob { C ~ J )). 

Tlui valno of /Imay To any wliatcvcr, and it 1 h probable that in ono second 
of timo, from (lUfenmt HynteniH of wav(5H followiii}^ each otber, coh {0 - D ) may 
]iav(! |,;'ono tlirou'j^li all its valuen niany iboiiHand iimeH. To cstiinatc tbo ollect 
on thc! (\yo, wt> muHt taki! tlu; mean of all it.H values. Ab tbo negative values 
are e<pial to tins poHitivu oncK, tbc mean of all ia 0. Thus we have 

light from two* caiulloB- 

P»y niHing tlxj Hoc.ond pow<',r therefore wo obtain a reault which agpea with our 
oxperimontal (hi/iiutiori : and tlie same would appear if instead two candles 
we had taken three or any otluir mnnhor. .lint the agreonumb will not hold if 
w(^ take any other t)ower of the eoelficicnt as the representative of the illumi- 
nation. 



KxniihA'rouv 'I’liKoin' <}F nmcs. 


])aralli‘l to ilir plant* of tin* paper, it in no! so ehsar wh 
])rop()rt!<>ii tjf inlcnsitlt‘s wotiM he. Tin* iiiaximimi of 
tit>n wlifii tli(‘ \vav<‘ reaflitMl h' vvniild^ if it foUowtal (he 

laws as in air% vary nearly as ^ Now all the litlie 

X f ( 


;i u.'ivc cif air yrnuu*! ric.illy tIu<»U'h ;inv -m’vi 

aii'nc, it’/* h«' tin* (<t auv pailic!?- Ifi'iu ((>*• ••••Dirr, / 

(lifttama* at, thr tiuu- f, r ! h th»’ iiri'anal (ii ol a arcujHl joi lirlr ; t, 

(iint.aiH'c of thn ial.l.t-r at, tin' tiai<- ( will Im 


)' \ It \ It I \ t 


ih,\ 

' ,„■) 


iK'.at'ly : and tin- |>art.Itd»*M wlii.-h iurnirrly a Vidutur la'njfurl.i 

'rh- now tHM Upy a vuhinif {irujmriJonal t.t> 

«•/ /, 

O’ i to 7/ ( I j 


or/ 


or nearly |•n)Jt(•t•t.It^uaI to 

(,o (i or 1,0 ,■■■/, I I 


(aniniMjuently, if Ui«- rlaMt-leily a;i tin* ///n> j,i>urr of tin* di jriilv, iJn^ e; 
ori|.fmal rl:iiit.i»'It.y 


, if > (n \ 

n*n;inal olaat iclfy ' ^ 1 




;) ...H, 


Tho oriainai oIa«^it,iri( y vvoultl nupjiort. in oj.jiojutiun tin* fon'o of i-i 
r<dunin of ,'dr who-,.* Ii.’io.ht in II, Su|.jto ;ino Mm* nerfinn of thr ,’ultuon 
iia volunie \h //, and ita lua-iu ia // lua-iM of v..lit»n.* I ; atid tJjo orijon 
iioitv, efit.ijn.atrd an .an ii.rri'|er.atina fureo, in y// < nni oi «d volninn J ; ' h<’ 
eluHtirity in the <U;4tiu!M-d fitato 

7a ^ 


maHM of voljuni' I y y// . m 




f then Ur tal.n a {MfHti.n of tho r.dninn ivi di’«iMrlird. u ho f.riidn.a! 
4-, t.ho oaO'-o (d' thr «-la:iti<^ fiin-o at one ond above that at 4 *ther 


in.tM.i 


iM;i of voluni*' I . wf/Il Jr /j ^ I nearly: 


tvnd the nn«,HM hi inanM id* Viduino /r : Inairo Uni i-quaUiui for the di i( nt hi 

the j»;u’inrh>M ia 
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which originate from the different points of .17? are in t 
same phase: hence we may express the disturbance win 
the little wave from the part Ss produces at G by 

rj 1 . (277 , \ 


also H 


dt:-- 




and tlie equation becomes 

— fl _ .2 A <^A 

dr Vr' dt-J ^ di- \r'dr^) ’ 

, 1 dh/ r- d-ff 

whence - -‘- = — — 

r dt- r di^ ‘ ^ ‘ ' 

, d~y d-u 

and 5 _ ^.2 ^ ^ ^ y V‘ .. 

dt^ dr- ^ ' 

Solving this partial differential equation, 

y=r.x{i)-4> - '?*'! -r d - :•* 


and It: 


,d (y 


dr \T 


4> {rt — ?*) cfr' ii't — T t 

~ j 


If we suppose the wave to travel outwards only, 

u = ^ <f)' (yt — r) -r d> {'ft - r\ 
' r- ^ 

i 27r 

If <p {vt - r) = - a cos ■? ^ {vi - -r 


( \ 

^TTCt ( ’ItT ) 

<p' {vt - r) will= sin | ^ (rf - r) 4- -1 ^ , 


27ra . (27r . . , ) a (2:r . . ... 

= -- — sm • — {vt - r) + J. . cos .. ^ - ; rr - r ; - .1 . 


and the disturbance 

f 9Tr , , 

^ — i . •) + ^ . - cos . 

\r ) r- { \ 

Tills may be put under tbe form 

( ^TT ) 

c sin I {vt — r)-T A ~ C y 


/ a-\ 

-?r? // 

P ^ j tan C = 

\ r^J 

1 

?! 

< 



The expression for c shews that at a considerable distance ihe coe*T;leat 
be inversely as r and as from r = 0 to r=^ , 0 decreases iron* ™ lo 

appears that the wave is accelerated as it goes on, and mnmate-vga. 
quarter of the length of a wave on the space which :t womd have desc 
with the uniform velocity v or \/{mgS). 
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ZG = r ~ cos 6 .z-\- 



+ &C. 


If z be so small, and r so large, tliat will never exceed a 

o 2r 

fraction of A, (or even if it amounts to sevei*al multiples of X), 
the terms after the second may be omitted. Then the dis- 
turbance produced by one little wave is 


chz . 
-y. ~ sin 



!'■ 


and the sum of all the disturbances is 




— r + cos6^. 



In the integration we should produce no sensible error if we 
]iut r for ZGj and this makes the sum 


sin (vt — r + COS0. z 


Integrating, it is 


— cX r 27 r , v 

^ _j_ (VQg ( 

27rr cos6' ( X ^ j ^ 

and taking this from z = to ^ = + 5, the disturbance at 
G is 

ox r stt V 

__^pos|- [vt-T-coBe.l ) ) -COS- [ivt-r+cose.l)\ 


cX . SttS cos 0 

■ — . sm . sin 

TTT cos 0 X 


{-(vt-r)]. 


This represents a vibration whose maximum is 

oX . 27r& cos 0 
7rr cos X 

25. ^ We shall now proceed to compare the values of this 
expression for different values of 0. 
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Case 1. Suppose X raiicli greater than Z>. (This will 
generally be the case with sound, as for all audible sounds X 
varies from a few inches to several feet.) 


Here 


27rh cos 9 


will be a small arc, and will not differ much 


from its sine : putting the arc for the sine, the maximum of 
vibration becomes 


cX 27rZ> COB 9 
ITT cos 6 ’ X 





which is the same for all values of 9. 


Case 2. Suppose X much smaller than (This will 
generally be the -case with light.) 

For the part nearly opposite to the entering wave, cos 9 is 
very small, and 


cX ,2^1) cos 9 2cl) 

- --.sin—-- = — . 

TTT COS u X r 


In other parts the disturbance is 0 when 
27rZ> cos 9 


= ± TT, or = + 27r, or = + Stt, &c.. 


til at is, when 


^ X 2A/ 3X Q 

cos ^ ± .. , or = f -T- , ‘or = + -7 , &c. 

2o 2b "”26 


Hence there is a succession of points in which tlierc is abso- 
lute darkness. Of the intermediate parts, the brightest will be 
found (nearly) by making 


sin 


2ttI> cos 9 


= ± 1 : 


^omitting the value 


27rh COB 9 _ 

X “- 27 * 


tlien the maximum of vibration is — , Consequently the 

TTT cos 9 X J 

intensity of light at the brightest part of one of the briglit 
portions is to tliat of the part nearly opposite to the entering 
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C'V 4c“& O 4 *> 72 O A 

wave, as — r-r to — T- , or as X to Att .u .cos'' o', or as 

’ 7rVcos“6^ 

X^ A" 

— ttt: to 1. If Ti Ibe so small as for lia.'lit (for instance 

Awb- cos- 6 b‘ o 

if X = 0,00002 and h = 0,1 inch, > it is 

that the value of this ratio will be extremely small when cos 6 
has any sensible value, and we may say without perceptible 
error that, except nearly opposite to the entering wave, there 
will be complete darkness ail round. 

26. If in the investigation we had Included the terms de- 
pending on z\ we should merely have had a very small addi- 
tion to 

2'7r / - . 

— — r 4* cos 0 . Ti), 

and this addition would not sensibly have altered in value 

277 * 

while — — r -h cos 0 . z) increased by 27 r. It will easily 

A 

be seen that in Case 1 this ‘would have produced no effect, 
and in Case 2 the maxima of brightness and the absolute 
darkness would only have been shifted a little way; their 
number, relative position, and the intensity of light, remaining 
sensibly the same^. And if for ZG we liad put its more accu- 
rate value r — cos 9 . the terms added to the expression 
would not have been sensible. 

27. The conclusion in Case 2 may also be obtained thus. 
In fig. 6 divide AB into a number of equal parts Aa^ ab^ he, &c. 

such that the distance of A from G is less than that of a by : 

that of a less than that of 5 by ~ ; and^so on. The waves from 

corresponding parts of Aa and ah are, at starting, in tlie same 
phase. Consequently when they reach G, the wave from n 
part of Aa is in advance of that from the corresponding par 


Wo shall hereafter consider cases in which these terms are sensible. 


INTENSITY OF LIGHT PASSING THROUGH A HOLE. 27 


of ab by , or tlicy arc in opposite phases, and therefore, by 

A 

(15), they destroy eacli other. Thus every part of Aa de- 
stroys a corresponding part of ab^ and therefore the whole 
effect of ^Z>is 0. Similarly the whole effect of bd is 0; &c. 
Thus if the number of parts he even, there is no vibration 
produced at G : if it be odd, there is only the vibration pro- 
duced by the last of the small parts. But, for the position 
nearly in front of the wave, all the parts are nearly at the 
same distance, and the vibration is produced by the added 
effects of all the small waves coming from every part of AB. 
If Case 1 be considered in the same way, it appears that the 
difference of the paths of the waves from different parts of the 
opening is so small in proportion to the length of a wave, that 
all when they fall on G may be considered to be in the same 
phase, and therefore every part of the semicircle is in the 
same state of vibration. 

28. The conclusions at which we have arrived are very 
important as removing the original objection to the unduhi- 
tory theory of light. It was objected that if light were pro- 
duced by an undulation similar to that producing sound, it 
ought to spread in the same manner as sound : tliat if light 
corning from a bright point entered a room by a small liole, 
it ought (instead of going on straight to illuminate a spot on 
the op].)Osite side) to spread through the room in tlie same 
manner as a sound coming in the same direction and through, 
the same hole. TIic answer appears in the results of the last 
investigation : the length of the waves of air is much greater 
than the aperture, tliat of the waves of light much less : and 
the same investigation which shews that in the former case 
the sound ought to spread equally in all directions, shews 
that in the latter the. light ought to be insensible except 
nearly in front of th.c hole. We have reason to thirdc that 
when sound passes through a very large aperture, or when it 
is reflcc.tcd from a large surface (wliicli amounts nearly to the 
same thing) it is hardly sensible except in front of the open- 
ing, or in the direction of reflection. 

29. Our conclusion with regard to light is also important 
as removing one source of doubt in -several succeeding investi- 
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gations. In our ignorance of tlie law of intensity of tlie 
vibrations propagated from a center in different directions, 
we have supposed the intensity equal in all directions : and 
3’'et with this supposition we have found tliat when tlie aper- 
ture is much larger than X, there is no sensible illumination 
except nearly in the direction in which tlic wave was going 
before it reached the aperture. The same would be true if 
tlie intensity diminished according to some function of tlie 
angle made with the original direction of the wave. Since 
then the illumination is (as far as the senses will be able to 
judge) nothing, except the obliquity is small, whatever be the 
function, we may assume that function of any form most con- 
venient, provided that it does not alter rapidly in the neigh- 
bourhood of the original direction, and does not increase 
considerably as the angle of obliquity increases. 

30. From the result of this investigation it appears also 
tliat the motion of every small part of the wave is perpen- 
dicular to the front of the wave. For in fig. 5 that part of 
the wave which passes through the orifice AB illuminates 
only that part of the semi-circle which is defined by drawing 
a straight line perpendicular to the front: and in the same 
manner if we had covered AB and opened another orifice, we 
should have found that the only illumination was on the part 
determined by drawing a straight line through the now orifice 
perpendicular to the front. In this we see the origin of the 
idea of rays of light. The reader is particularly requested 
to observe tliat this theorem is proved only by the demon- 
stration of the proposition above, and depends entirely on this 
assumption, that the waves of light move with the same 
velocity in all directions. We shall hereafter vspeak of cascB 
in which the motion of the wave is not perpendicular to its 
front. 

It will readily be seen that the wdiole of this applies as 
well to the motion of the small parts of a wave whose front is 
not plane. 

Prop. 9. To explain the reflection of light on the iindu- 
latory theory. 

31. We shall again refer to the motion of sound for an 
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anixlogicnl illustration of tliis point. In fig. 7 let ABCD be 
the iront ot a wavc^ (which for simplicity we suppose plane, 
every ])art nioviiii’' iii^ parallel directions) advancing in the 
direction JUi or (iO and meeting the smooth wall C"£\ 
Then it appears from the investigation of soiind^' that after 


lio(, ;r, 'Iff r.;, bo 1ili(M)ri<i;inril co-ordinates of any particle of air ; and at the 
t lot Uuiiu bo ir.-i- A, // !■ ) , Then the particle which ormn 


tiino (' 

for co-onlinalo ic I- 5.r will, at the time t have 


L originally had 


. dX ^ 

'X -1- O.C -1“ A -h ox nearly ; 


or tlio diHl-anc(i b(dwo<ui two particles in the direction of cc, which was orbi- 

1 '1- j nearly. Similarly the distances in 
the dircotiiouM of y/ and r; which were origiuLally ot/ and 5z are at the time t, 
dY\ 


andS.(l + g]. 


( lonsoqiHnitly, the air whit^h occupied the rectangular parallelepiped whose 
Hidt'S wore ax, Off, 6.:, now occupies the parallelepiped, nearly rectangular, 
wJi,osc Ni(I(!.s :i,ru 

K* 41). K-S> 

And If tlio el'inl/ittily (rcpreaeiited by the pressure upon a unit of surface) was 
orlginaJly varied an (dcnHity)''’^, being nearly 0, the elasticity of 

tlai air in ihl.s panillelopipcd is nearly 
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HinaJI. 

(lonHCinionily, al, tln^ time t, tho elasticity about that point whose co-ordi- 
jialcH wen^ (trigiually a -l-Zg y/, is 


1 


dX 
' dx 


dY 
' dy ' 


dZ \ d f. 


dX dY cIZ 

- m , — m -j — m-r: 
dx ay clz 


y 


And thord’ort^ if tlaa-o is a. Huiall parallclopiped whose sides were h, I', I, the 
cxocaa of prcsHiirc; which urges it on in the direction of x is 

dZ\ 


-'■IX 


dX dY 

- lib , m , - - 

dx dy 


Q)l 


iTbPldd 


d 

dx V dx 


d'. 

fdX d Y ^dZ\ 
\ dx dy dz J 





30 


UNDULATORY THEORY OF OPTICS. 


any part of this wave, as BCD, has come in contact with th<^ 
wall, it will proceed in the direction G"E, making with tliO 


And if W were the original weight of the air in volume 1 , the weight of 
parallelopiped is W.hkl. Conaetpiently the acceleration in direction of x is 

mPhld d fdX dY dZ\ , 

^ , _ ( . I X acceleration produced by gravity 

W'hld dx \ dx dy dz J 

_mP d fd^ dY dZ\ ^ 

~~ W ^ dx\ dx dy * dz J ’ 

dtp' W ^ dxs^ dx'^ dy * dz J ‘ 


Let Jlho. the height of a homogeneous atmosphere ; by which wo mean tliat tlt<^ 
pressure P would support a column whose height is ll and base 1 , weighing IP 
for every unit of volume : that is P—MW. Then 


d~{x + X) 

dt- ’ 


or 


fX 

dP 


rr 


fdX_ dY dZ\ _ 
\ dx dy dz J ‘ 


and similar equations hold for y and z. These arc the general equations foi' 
the small disturbances of air. 


Tliese equations cannot be integrated generally : but a nurnlier of differon't 
integTala can be found, adapted to particular purposes. For instance, puttings; 


A = — - <p'{i}t - r) -h - ^ - <p{vt - r) 


where r= J{x~ a)- + (y - 6)- + (s - ; 

w'ith similar expressions, muiath mutandis^ for Y and Z. This is the general 
expression for spherical W'aves going to and from the center whose co-ordinates 
are a, b, c. 

Again X = cos a . <p{vt - x cos a - y cos /3 - c cos 7), 
y=:cos jS . <p{vt-x cos a-y cos[3~z cos 7), 

Z = cos 7 . cfi{yt - X cos a-y cos /3 - s cos 7), 
where cos" a -f cos*"’ j 3 + cos- 7i=l ; cos a, cosjS, cos 7, 'being positive or negative. 

This is the equation for plane waves going in the direction of a line wdiicli 
makes with x, y, and 2, the angles a, j 3 , 7. 

It is jiarticularly to be remarked that the sum of any numlxn* of these 
solutions may be taken for one solution : and also that the functions may be 
discontinuouH, with the limitation mentioned in the note to (2“i). 

Now’’ suppose the plane wave to be interrupted by a wall, whose equation, 
isoj^c;. Since the particles of air constantly remain in cont;ict with the wall ^ 
we must have A — 0 when ;c=e, whatever be the values of y and c. It is )>laiii 
that the form above given for X will not satisfy this condition, and that no 
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wall the same angle as GO", hut on the opposite side of tlie 
perpendicular: and the front of the wave will he J3'C'D\ 
making with tlie wall the same angle as BCD, but on the 
opposite side : the extent of vibration &c. remaining as be- 
fore. And this appears to justify ns sufficiently in the 
assertion that the waves of light may be reflected in the same 
manner. With regard to the smoothness of the reflecting 
surface, all that is necessary is that the elevations or depres- 
sions do not exceed a fraction of X, 

32. The following is a more independent method of 
arriving at the same result, and appears satisfactory. In fig. 
8 let ABC be the front of a wave going in the direction of 
AA'. As soon as each successive small portion of this has 
reached the surface, we will consider it as causing an agita- 
tion in the ether next in contact with the surface, and will 
suppose that agitation to be the center of a spherical wave, 
diverging with the same velocity as the plane wave {see the 
note to (24)j. Let us now consider tlie state of things when 
A has readied A, B has reached B' some time before : and 
w'ould at this time have arrived at D if not interrupted. 
Consequently it has diverged into a sphere ah whose radius 
= B'D. 0 reached the surface at a still longer time previous, 
and would at this time have reached B: it has therefore 
diverged into a sphere cd whose radius is CD. The same 


single function would do so. But with the addition of another function we 
nuiy satisfy it. Thus, if 

X = COM a . - X cos a- y cos (3 — z cos 7) 

- COM a . 0 { vt ~\- (x “ 2 r) cos a~y cos jS ~ c cos 7 } , 
cos (3 . - X cos a~y cos /3 - c cos 7) 

-]•■ cos [3 , (}) ■{ vt + {x ~ 2 c) cos a~y com ^~z cos 7}, 

Z == COR 7 . <!> [vt - X cos a -y cos fi — z cos 7) 

H- COM 7 . <fi {ri -1- (x - 2 (’) cos a - y cos ( 3 ~z cos 7). 

The (liUereiitial cfiiuaioiis are satiKtied, and the condition X ~0 when is 
also sati.slio<l, Tlie lirKt tei*nis of A', Y, Z, takcii togethei*, exprcKS the original 
wa\'’e, whoso direction nuikcR angles a, / 3 , 7, with x, y, z ; the second cxprcHS 
the new or rejected wave, wIiohc direction niakca angles ISO”- a, ( 3 , ;i,nd 7 
with X, y, and z. Tins shews that the direction of reflection followvs the law coiii- 
mordy enounced as the law of reflection. Ilic intensity of the reflected wave 
is the saiuc as that of the incident wave. Tliis is the theory of obligiie echos. 
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holds for every intermediate point. If now we examine tlie 
nature of the front of the grand wave formed by all these 
little waves, we see that it must be the plane which touclies 
all the spheres, and which evidently makes the same angle 
with GA' that or AG makes with it, but inclined the 
opposite way. The motion of the wave, which is perpen- 
dicular to tliis front, makes therefore the same angle after 
reflection as before. 

It must be remarked that this demonstration Is in no wise 
affected if we suppose all the spherical waves to be accelerated 
or retarded by the same quantity. If then we should find 
occasion hereafter to assert that in some cases the direction of 
vibration is changed at reflection, or (which amounts to the 
same) that half the length of a wave must be added to or sub- 
tracted from the path after reflection, the demonstration of the 
law of reflection will not bo invalidated. 

Prop. 10. To explain the refraction of light on the un- 
dulatory theory. 

33. We must assume that the waves arc transmitted 
with smaller velocity in glass, water, &c., and in all sub- 
stances commonly called refracting media, than in what wc 
call vacuum. This assumption appears in the highest degree 
probable, whether we suppose the vibiTitlons in the refracting 
media to be vibrations of the same ether, incumbered by its 
connexion with the particles of the refracting body, or we 
suppose the vibrations to be vibrations of the particles of the 
refracting body. 

34, ISTow in fig. 9, let ABO be the front of a wave 
going in the direction of AA\ As soon as each successive 
small portion of this wave has reached the surface GA of the 
refracting medium, suppose it to cause an agitation in tlic 
etlier or the particles of the medium at that surface, and con- 
sider tliat agitation to be the center of a wave,- which diverges 
in a spherical form in the medium with a less velocity than 
the velocity of the plane wave. Consider the state of the 
particles when A has arrived at A' . B has reached B' soimi 

time before ; and ’ " ' 

by the refracting- 

i mmu tiiSTflflTE 


woiiid iiave arrived at 1) it not mterrupt(‘d 
' it has diverged into 
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a spliere al) whose radius is less than B'D in the proportion 
in which the velocity is diminished. Let ji he the number 
expressing this proportion : then 

Similarly G has reached the surface still longer before, and 
lias therefore diverged into a sphere whose radius 



The same holds for every intermediate point Now the front 
of the grand wave formed by all these little waves is evi- 
dently the plane ivhicli touches all the spheres ; and thercr 
fore makes with the refracting surface an angle whoso sine 
Cg ' , . 

is This angle is equal to the angle which the direc- 

ijJX 

tion of the wave (or the perpendicular to its front) makes 
with the perpendicular to the refracting surface : it is there- 
fore the angle of refraction. Consequently 

sin . refraction = . 

CA 


Similarly 


sin . incidence = 


GZ 


Therefore 


sin refraction Go _ I 

sin incidence Cif 


35. It is easily seen that a similar demonstration applies 
wlien the waves are transmitted in the second mcdiuin with 
greater velocity than in the first : which we suppose to rc])re- 
sent tlic circiLinstances of light coming out of a refracting 
medium into vacuum. If in this case, fig. 10, the angle of 
incidence is so great that Gc (the radius of th.c wave di- 
verging from G) is greater than (X4', that is, if AA\ is 

greater than GA! or _r or sinAGA' is greater than 


1 

or 


siiiAGA' 

sin . incidence greater than - , no plane can be found 
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wliicli toiiclies all tlie spheres. There will he no grand wave 
therefore : and the little waves causing displacements in dif- 
ferent directions will very soon destroy each other. Tims 
there will be no refracted ray. This is a well known law 
of optics. 

It must be remarked that the demonstrations of (32) and 
(34) are not free from obscurity, for the reason mentioned 
in (22). 

36. There is another phgenoinenon attendant on refraction, 
which we can explain but vaguely, though it is easily seen, 
that the explanation is not without foundation. The particles 
of ether next iii contact with the glass, (if we suppose glass 
fo be the refracting medium) communicating motion to the 
denser ether within the glass, may be considered as small 
bodies striking large ones. Now if they followed the same 
law as elastic bodies a certain motion would be communi- 
cated to the large bodies, and the small bodies would lose 
their original motion and would receive a motion in the op- 
‘posite direction. The motion of the struck bodies causes the 
refracted wave of which we liave just spoken ; the motion 
remaining to the striking bodies will cause a reflected wave 
in the ether. The magnitude of the reflection will plainly he 
diminished as the difference between the particles is dimi- 
nished. Thus refraction is always accompanied by reflection: 
and tlie reflection is more feeble as the vibrating media on 
both sides of the surface approacli niore nearly to the same, 
state: that is, as the refractive index approaches to 1. This 
is experimentally true. 

37. If, however, the rays are passing from glass to air, 
we must represent the state of the particles by large l)odi(‘.s 
striking small ones. The small bodies receive a motion, 


^ The motions would follow this law, if the particles acted on one another 
like those of Jiir by condensation or rarefaction of the Huid between them ; or 
in the manner whicli Fresnel sn])pose.s (to be alluded to liereafter) : or in any 
way which makes the force equal at equal distances of the p.'irtieles. We arc 
not therefore making the forced supposition of particles impinging on. caeli 
other. 
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wliicli causes the refracted wave : the large bodies will pre- 
serve a part of their motion in the 5a//^e "direction, and tliis 
will cause a reflected wave. Thus when lisrlit passes 
glass there will he reflection at both surfa^ces. But there”C 
this difference between the two reflections : one is caused hv 
a vibration in the same direction as that of tiie incident rav, 
and the other by a vibration in the direction opposite to that 
of the incident ray. We shall find this distinction imi>onaiu 
in explaining a fundamental experiment (65). 

Tlie^ same thing may he thus shewn. If we suppose a 
mass of glass to be cracked and the separated parts to be 
again pressed close together, there will be no more reflection 
than from- the interior of a mass of glass : that is, there will 
be none at all. Still as there are really two surfaces in con- 
tact, each of which separately reflects, we must suppose the 
reflections to be of such a kind that they destroy each other. 
Consequently if the vibration from one reflection be in one 
direction, that from the other reflection must be in the op- 
posite direction. . 

38. We shall novr state an obscurity in the iindulatory 
theory of refraction which has not yet been entirely eluci- 
dated, but which does not appear to present any particular 
difficulty. The index of refraction we have found to be the 
proportion of the velocities of the waves in vacuum and in 
the refracting medium. How it is well kno’^m that, experi- 
mentally, the refractive index is diflerent for rays of diSerent 
colours, that is, for waves whose lengths are diflerent It is 
evident then that Weaves whose lengths are diflerent are traiis- 
inittcd with different velocities either in vacuum^, or in the 
refracting medium, or in both. The diflerence does not de- 
pend on the extent of vibration of each particle, for the refrac- 
tive index is the same for a bright light as for a feeble one, 
but merely on the length of the vrave, or on the time ot vibra- 


If the velocities for different rays were different in vacuum, the aberra- 
tion of stars (which is inversely as the velocity) would be different for different 
colours, and every star would appear as a spectrum whose length would he 
paralici to the direction of the Eai'th’s motion. We know of no reason to 
think that this is true. 


3—2 
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tion'^\ We are unable to explain this; and one analogy 
which has guided us in several instances fails here entirely. 
There is no such difference between the velocities of trans- 
mission of long and short waves of air. The sounds of tlie 
deepest and the highest bells of a peal are lieard at any dis- 
tance in the same order. Happily another analogy comes in 
to our aid, derived from undulations in which the vibrations 
have a much greater similarity than those of air to the vil)ra- 
tions which appear to constitute light. Tlie velocities of 
waves of water vary with the length of the wave, the long 
waves always travelling with tlie greatest speed. In this 
respect there is a fair analogy between the relations of the 
velocity to the lengtli of the Avave, in glass or other refracting 
substances (as regards luminiferous waves), and in water fas 
regards waves of water). But the proportion of the velocity 
of a long wave of water to a short one is not invariable, but 
depends upon the depth of the waterf. In this may be found 
an analogy, of a less satisfactory kind, to the change in the 
relation of the velocity to the length of the wave, on com- 
paring one refractive medium with another. We may remark, 
however, that if we calculate theoretically the velocity of a 


* The (UfTiciilty might perliaps be explained tliiis. We have every reason 
to think that a part of the velocity of sound depends on the circinnstjijic(3 that 
the law of elaaticitii oi the air is altered by the (levci](ij)morit of 
latent heat on compression, or the contrary effect on expansion. IVow if this 
heat re(}uired //uic for itw development, the quantity of lieat developed would 
depend on the time during which the particles remained in nearly tlie same 
relative state, that is on the time of vibration. Consequently tlio laav of elas- 
ticity would be different for different times of vibration, or for ditrerent hnigths 
of waves : and therefore the velocity of transmission would bo dilhu-ent for 
waves of different lengths. If we suppose some cause wliicli is put in jiction 
by the viliration of the particles to affect in a similar manner the elasticity of 
the rnedinin of light, and if we conceive the degree of devolojmient of that 
cause to dc]iend on time, we shall have a sufficient explanation of tlie uneipial 
refrangibility of differently coloured rays. 

t Putting h for the depth of the water, > for the length of a wave, tlio 
velocity of the waves is 



See Encyclo 2 '>ceclia MdropoUtanat Tides and Waves, Art. IGS. 
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wave of light, on tlie supposition that the distance hetwcen 
the particles of ether is a sensible quantity in comparison with 
the length of a wave, we hnd that tlie velocity is different for 
waves of different lengths. (See the note to Art. lOd.) The 
very close a])proximation to observed ]>roportions of velocity 
wJiicli. lias already been attained by calculations of tliis kind 
seems to offer good reason for supposing that the explanation 
will be made complete. On the whole, we regard the slight 
imperfection of the theory as deserving attention, but not as 
offering the most trifling difficulty to the general adoption of 
tlie tlicory. 

Piion. 11. To explain the course of waves after reflection 
or refraction. 

39. First we must give a construction for determining the 
front of a wave at any time from knowing its front at any prc'- 
vious time, hi fig. 11 let AB lie a small part of the curved 
front of a wave : and draw Au, Bb, normals to the front, and 
let A.a^Bb. Iflien by (^10), the motion of the ])art A of the 
wave is in the direction Aa, and tin', motion of the ]‘)art B h in, 
tin', direction Bb ; and their velocities are equal. (Jonse.- 
qiuviitly after a short time the front of tin', wave will ])ass 
tlirough. a, b, and through every otlier point as c, J, &e., 
dc-tiumiiK'd by tliis condition tliat Cc, I)<1, &e. are ])e,rj)('.n- 
dii'ular to the -original front and are c(pial to Aa. Now hy 
(ffO) the motion of tin'. ])art of the wave, at n. will b(' perpen- 
dlc.ular to t he ni'.w front abed, lUit as Bb — Axiy it is easily 
sci'D that ah is parallel to ylB and is tlie.n'.forc*. ])i'rp('.ndieii1a,r 
to Aa: ;ukI therefore tin', motion of the new front will he. in 
tin', dirc'i'.tion of' Aa produ<‘.ed: that is in tlu'. same straight, 
liin'. as bt'fore- In. the sn,me manner it. would a,pi)ear that all 
its sin'.e.eedi ng mot, ion will Ix'. in the sa,mc straight line. And 
the velocity will he eqna,l for all ])oints of the wave. Thus 
W(‘. arrive at tln^ following eonstriK'.tiou. Draw AB, 

C.Ii\ l)f\ Si.a. nonnals to the original front, and make AB^ BQ^ 
CB, &<*.. ('.qnal to tin', space through whicdi a wn,ve will 
trav(‘.l in the time for whic.li the form is requiri'.d. dhie, front; 
of tin', wave at that time will be tlie locus of the ])oiuts 
P, Q, ./?, S. Tin', ri'hition between tlie old and the iuav front 
is therefore this: every line whicli is normal to one is also 



3S IJNDULATORY TTIEOKY OF OPTICS. 

normal to the other. If we confine ourselves to space of two 
dimensions, tliis is comprehended in saying that they liave 
the same evolute. This applies equally to the motion of a 
wave in vacuum or in glass, or in any other refracting me- 
dium, provided that the velocity of a wave’s motion is equal 
in all directions. 

40. Suppose now (to fix upon a particular case) a plane 
wave is received on a reflecting paraboloid wliosc axis is 
parallel to the direction of the wave’s motion, or perjxmdiciilar 
to its front. In fig. 12 let AD be one position of the wave, 
J\!U a succeeding position, and so on. From (31) and (32) it 
appears tliat tlie front of each small part of tlic wave makes 
the same angle with the surtace after reflection as before, but 
on the opposite side of the normal: and that consequently the 
line representing the direction of the wave’s motion, and which 
is perpendicular to the front, makes the same angle with tlie 
normal before and after reflection. As all the lines represent- 
ing the direction of motion of different points of the wavc‘, are 
parallel to tlie axis of the paraboloid, those which rcjircsent 
the direction of motion after reflection (by a well known 
theorem) converge to F the focus. Consequently the form of 
the wave, which by (39) is the surface to which all tliese lint^s 
are normals, is a spherical surface wliosc center is F, Idius 
then at one time A'D' will be tlie front of the wave : at a 
later time BC will he the form of that part which is not re- 
flected, and A'’Bj 7)'" 6^, the form of tliosc parts wliicli are 
reflected, the part incident at A' having been reflected to A" : 
at a still later time, he will be the form of tin*, part not re- 
flected, and jF'B'h, D'" O c the form of the reflected part s, the 
])art incident at A' having been reflected to A."\ and tliat 
incident at B having been reflected to B', &c.: and wdien the 
whole lias been reflected, all trace of the original form of the 
wave will he lost, and the existing form will be only a splieri- 
cal surface of which F' is the center. The concave S])hcrical 
wave goes on towards F, contracting till it passes through 
that point, when all the different small parts cross, and 
then they form a diverging spherical wave of which B' is the 
center. 

It is easily seen that an explanation of exactly the same 
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kind applies to tlic effects of refraction, tlic velocity of tlie 
wave being supposed to be altered in a given ratio as in (33) 
and (34), and the direction of the motion of each part of the 
wave being always supposed perpendicular to that part of the 
front. 

41. We liavc explained the motion of tlic wave after 
reflection or refraction as if the terminating edges of tlic front 
of the wave did not cause any disturbance beyond the line 
perpendicular to the front: as if for instance tliere were a 
certain disturbance all along the line A' B which aft(u*wards 
arrived at A''Jj without causing the least disturbance in the 
ether beyond A'\ This however is not true, and we sliall 
hereafter take into account tlic effects of the lateral spread of 
the waves. 

42. From the nature of the demonstration it appears that 
whenever all the small parts of a wave meet eacli other after 
reflection, or rc'fraction, they have described paths correspond- 
ing to equat times. In the ease of reflection, this is the same 
as saying that the whole patlis (consisting of the sum of those 
liefore and after r(‘;flection) must be the same for every point: 
ln.it in the case of r(4raction a different statement is necessary. 
For if the waves move in glass (or otlier refracting media) 

witli a velocity whicli is -- x that in vacuum, tlicn the path in 

glass, as compared with, that in air, is not to be estimated by 
its length, but by fju x its length. And tlK'.refore wlien all 
the small parts of a wave meet each otluu' after rtvfmction, tln,'- 
surn of tlie path in vacuum and [ju x the path in glass is tlie 
same for all. 

43. '^Jdiis principle may be advantageonsly applied in tlie 
solution of some problems. Siippose for instance it is required 
to find tlie form of a refracting surfiice III] fig. 13, ivliich, 
shall cause the wave diverging from A to converge to (J. 
The principle above mentioned gives us at once tliis equation, 

AB 4- fJi ' . PG = constant : 

which is the same as Newton’s in the 97th Proposition of the 
Principia. 
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44. A focus therefore may be defined as the point to 
which a spherical wave converges, or from which it diverges. 
It may also.be defined as the point at which little waves from 
all parts of a great wave arrive at the same time. It will 
readily be seen that oiir demonstration and our definition 
include equally real and imaginary foci, in the same manner 
as the theorems and definitions of common optics. 

45. It appears from (40) that the wave, after converging 
to a point, diverges from it in the same manner as if that 
point were a center of excitation, or a source of light. In all 
experiments therefore in which it is wished to produce a 
series of waves diverging from a point, the image of tlie 
Sun’s disk, produced by a lens of short focal length, may be 
used instead of a luminous body. 

Pjiop. 12. A series of waves diverges from a point A, fig. 
14, and falls upon two plane mirrors BC^ CD, inclined at a very 
small angle a, and touching each other in tlie line wliose pro- 
jection on the paper is O' : to find the intensity of illumination 
on different parts of the screen where the streams of light 
reflected from tlie two mirrors are mixed. 

46. Let O be the virtual image (determined by tlie rules 
of common optics) of produced by reflection at Z>(7: II 
that produced by reflection at CD. Then instead of sup- 
posing the liglit to have come originally from A, wc may 
without error in our results sup] lose it to originatci in two 
sources at G and IL For the course of any pafii- of a wave 
after reflection BG is just the same as if it had come 
from G] and the length of its part measured in a straiglit 
line from G is the same as the sum of the paths of tiie in- 
cident and reflected ray, since the distance of A and of G 
from the point of reflection is the same (thus the part of tlie 
wave which is incident at JV is reflected in the direction MM 
which is the same as GM produced, by (82) and (89), and the 
length of its path AM-hMM is the same as GJlf, since 
AM= GM). But that the circumstances may be exactly re- 
presented, we must suppose tlie fictitious wave to start from G 
at tlie same time at which the real wave starts from A, and 
to have the same intensity. Similarly we must suppose the 
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other wave to start from H a.t the same time and witli the 
same intensity as that wliich starts from A ; and tlierefore at 
tlie same time and witli tlie same intensity as that which 
starts from Q-. The problem is therefore reduced to tliis: 
to find tlie intensity of illumination on the screen wlicn Avaves 
start at tlie same instant and with the same intensity from G- 
and 11. 

47. Join GIL bisect it in L, and produce LG to meet 
the screen in 0: let M lie any point at a small distance from 
0; AG— a: GO = h. Since tlie a,ngle between the nurrors 
is a, it is easily seen that G Gll— 2a. And since 

GG^AG^HG, 

GL is perpendicular to GII and bisects the angle G GIL Con- 
sccj[uently 

GL = LII — a sin a : and LO — a cos a -h h. 

Then for tlieillisturbancc produced at M by the wave coming 
from G {taking tlie same expression as in (8) and (2*1)} we 
have 

The variation in the value of GM is so small that without 
sensible eri'or we may in tlie coelhcicnt put GO or LO in- 
stead of GM.\ and thus the disturbance produced at J/by the 
wave coming from G is 

Similarly the disturbance produced by the wave coming from 
i/ds 

sin {vt - im-\- i)d- . 

IjU yK J 

7> however must be equal to At, because the waves on. leaving 
G and II respectively arc in the same ])hase at the same time 
(wliich is represented by putting 0 for GM and IIM^ and re- 
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quires B to Ibe the same as Yl). Hence the whole disturbance 
of the ether at M is 


G 

LO 


sin {vt - aM+ ^)l +sm [vt -IIM + A) 

[A [A 


( OM- 7IJf)| . sin 


or "y. .. cos 
Li) 




U li / 




and consequently, by (23), the intensity of the light at if is 
represented by 

4c“ 




4S. How 

^?if i 0- + ( 6?i: -h Oif )” = {a cos a + If + (a sin a + 0M)\ 
and consequently 

/ 717 - , 7.1 (asina+ (9if)^ ■, 

GM = a cos a + 5 -f 7 —-- nearly. 

" a cos a-\- b 

Similarly 

-rri^ 7 1 ((xsina— Oif)^ , 

IIM = a cos a H- J ^ 7 —^ nearly : 

" a cos a + 6 

therefore 

____ 2 asma. 0 if 2 ^ 7 . sin a , 

frif - Jfilf = 7 - = 7- OM nearly : 

a cos a H- ^ <7 + /> 

and therefore the brightness at if is represented by 


4/r 


{a + by 


7 , cos^ 


\ X (Jb b / 


TJiis varies according to the position of if. 

( 1 ) Suppose if to coincide with 0: Oif= 0 : and the 
4c^ 

brightness is - 7 — ^ — 7 ^, . This is its greatest value. 
{a + by ° 


( 2 ) Suppose OM — + 


Cl -{-I) X 


a sill a 4 
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rp, 27r asina , tt 

Then — . - — (9i¥== +- , 

X a -\-b 2 

and the hri Witness 

O 

^ o 7r - 

= 7 TT7, COS" ~ = Oj 

or there is ahsolute "blackness. 

a -\-h 

(.->) Snpiiose 021 = ± - . - . --- . 

^ <2Sma 4 

27r sina^^^ 

Then — . , OM = ± TT, 

X ct u 


and the briglitness 
A(r 


4.6- 


= f-T. COS“ TT = 7 . 

*4- 6^j {(I “t* 

tlie same as -when OJ/— 0. 

a A- h 


(4) Sup]')osc 021 — ± 


a sill a 


, ‘27r <7. sin a , Tjtt 

then r 021= + - ■ . 

A a^b ~ 2 ' 


and tlie brightness 


4c“ 2 

. cos^ 7- , 

{a + by 2 


or there is darkness. 


(5) Generally, if 


021= ± 2??. 


a + 1) X 


"" a sin a 4 


. T , n 


being a wliole ntunber, 


4 c: 


the briglitness lias its maximum value . , , . 

{a 4- by 

and if OM^ + (2n + 1) --t-- . ^ , 

^ 'a sin. a 4 


there is blackness. 
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Between these values of OM^ the brightness has interme- 
diate values. 

Thus it appears that there will be a series of points at 
equal distances along the line //i, at which tlie illumination 
is alternately maximum and minimum, beginning at 0 Avhere 
it is maximum ; and that at the points of minimum illu- 
mination the light is actually evanescent. Now considering 
the screen as extended in the direction perpendicular to tlie 
pa])er, and observing that the investigation which applies to 
il/ applies to every point in the line perpendicular to the paper 
at M, it is easily seen that the appearance on the screen is a 
series of bars alternately bright and black. 

49. We have supposed the plane of reflection to be per- 
pendicular to the edge where the two mirrors touch. If Iiow- 
ever it had been inclined in any manner, the result would have 
been precisely the same. 

50. We have not yet considered the effect of a mixture 
of light of different colours in the same pencil (such as exists 
in wliite sun-light, and in most kinds of artificial light). Ac- 
cording to the suppositions made in (23) this is represented by 
supposing the light to consist of different series of waves 
which may or may not be intermixed, the value of X being 
different for eacli different series : and by (19) these different 
series cannot affhet one another, and therefore the effect of each 
in producing illumi nation of its peculiar colour is to be con- 
sidered separately, and the sum of the effects of all the illu- 
minations to be taken afterwards. 

51. Now if we examine the expression for the illumina- 
tion, it will appear that at 0 the intensity is what- 

ever be the value of X. Consequently, that point is illuminated 
by each of the diff erently coloured lights, with four times the 
quantity of illumination which there would have been, if tlm 
light from one mirror only had fallen upon it. But there is 
no otlier point in similar circumstances. For if we put X', X'", 

&c. for the lengths of waves of differently coloured lights, 
X' being the smallest and corresponding to the blue light, and 
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r/, g \ &c. for the coefficient of displacement, and if we 

consider the point where OM = ^ we find 

a sill a 2 


for the intensity of the Tbluc light, 


4c'" 


for the intensity of the next kind of lic-ht, -7 cos" —t, , 

’ (a + by V ’ 

4c'"" ttV 

for the intensity of the third kind of light, - . cos^ ; 

and so on. If they liad been in tlic same proportion as in tlie 
liglit reflected from a single mirror, the intensities would 
have been 

4c'^ 4c"^ 4c/"^ ^ 

(a+d))“’ {a + l>r^ (a + hy’ 


The different colours therefore arc not mixed in the same pro- 
portion as in the original light. Tiic same may be sliewn of 
any other point : and thus if tlie original light be wliitc, no 
])oint of the screen will be illuminated with white liglit except 
the middle of tbc central bright bar. 


52. Tlie same thing may be thus shenvn. The bri^adth 
of the bright and dark bars for each colour is ]:)ro])ortloiial to 
the value of X for tliat colour (48). Conscrpnaitly the bars arc 
narroAver for the blue rays than for tlie green : narrowe.r for 
the green than for the yellow ; &c. by (28). dflie lin(‘, jiassing 
throiigli the paper at 0 is lioAvevc'.r to be the centivr of a liright 
bar of each colour. In that line tluvrefore there will be- a ])er- 
fcct mixturi^ of all the colours: at a line on each, side there 
Avill be nearly a total absence of all: but beyond this the rod 
bars Avill sensibly overshoot the yellow and grecu and liluc 
bars, and the more as wc rccedi‘. farther from the ciuiicr. Con- 
sequently th.(‘, bars Avill be coloured, the bright bars lahng red 
on the outside and blue on the inside. And after two or 
threif bars, the- outside of the red bars Avill mingle Avith. the 
inside of the next blue bars, and there Avill be no such thing 
as a black bar. Tins Avill continue as avc recode fi*oni 0 
till the colours become mixed in such a Avay that it is 
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impossible to distinguish the bars, and the whole is a mass 
of tolerably uniform white light. Tiiis indistinctness of bars, 
and ultimately their disappearance, always take place when 
one of the mixed streams of light has described a jiath longer 
than that of the other by several lengths of waves. In gene- 
ral, when white light is used, no bars can be seen where the 
lengtli of one path exceeds that of the other by ten or twelve 
times the mean value of 

53. The quantity X, as we have mentioned in (23), is so 
small that it could not be made sensible to the eye. But 
sin a may be made as small as we please, and consequently 

---i- ■ X may be made large enough to be easily visible to 

the eye. It is by this and similar means that the lengths 
of waves for differently coloured light have been measured. 

54. The agreement of the facts of experiment with thesis 
conclusions from the theory is most complete. And this may 
be considered as the fundamental experiment on which tlie 
undulatory theory is established. It is perfectly certain in 
tills experiment that the mixture of two streams of light, 
whether white or coloured, does produce black. The bars 
next the central white are remarkably black: and the dark 
bars beyond the next bright bars are also very black : and 
upon intereeptiiig cither stream of light all these , dark bars 
become bright. It appears plain that no theory of (‘mission 
of particles can explain this fact: and it seems difficult to 
conceive that any theory except that of undulations can ex- 
plain it. 

55. We shall occasionally have to mention the system of 
bright and dark bars described in (52). We shall generally 
call them tlio. fringes of interference. 

56. The reader is particularly requested to observe that, 
when (x-l-i or the distance of G and H from the screen is 
given, the breadth of the bars for any given colour is in- 
versely as a sin a (48), or inversely as 67/. And generally, 
the nearer together are the two sources of waves which inter- 
fere, the broader are the fringes of interference. 



INTERFERENCE PRODUCED BY A PRISM. 


47 


Prop. 13. A series of waves diverging from a point A, 
fig. 15, falls upon tlie prism BOB, each of whose sides BC, 
CD, makes the small angle a with the third side : to lind the 
intensity of illumination on different parts of the screen EF 
where the two streams are mixed. 


57. The investigation is exactly similar to that of the last 
proposition, with this difference only. .By common Optics, 

A G = All = CA {fjL — 1) sin a nearly, — 1) a sin a nearly. 

In the former investigation we liad GL = L/l = a sin a. Con- 
sequently where we find a sin a in the former investigation wi; 
may put — l)a sin a, and we shall have the correct expres- 
sion for this case. Thus the intensity of illumination 

4c“ o f^TT (yC6 — 1) a sin a 

= COS" 4 -i- 


031 


and the interval at which the centers of the bright and black 
bars succeed each other is 


a + h X 
(yu. — 1) a sin a' 4 * 


58. The results arc exactly similar to those ol)talncd in 
(50), (51), (52), (the absolute breadth of the bars being dif- 
ferent) with the following exce])ti()n. The breadth, of the bars 
for different colours does not (as before) depend simply on X, 

but on . Now ya varies with X : it is greaffist for tiie 

f ■ 

blue rays or those for which X is least, and le.ss for those for 
which X is greater, through all the different colours. Conse- 
quently the breadths of the bars formed l)y the different 
colours arc not in the same pro])ortlon as Ijefore, but are more 
unequal. The mixture of colours therivlbrc at: the edges of 
those bars which arc a little removed from tlic camlral bar is 
not the same as before; and aftm* a smaller number from, the 
center, the colours of the different bars arc mixed with each 
other (52). 

Prop. 14. SH])])ose that in the experiment of Prop. 12 or 
13, Articles (4G) to (57), a thin piece of glass BQ is placed in 
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tlie path of one of tlie pencils of liglit : to find llie alteration 
produced in the fringes of interference. 


59. Let T Ibe the thickness of the glass : and consider 
the case of Prop. 12, Article (46). It is plain that, as in (42), 
the length of that portion of the path of one pencil which 
traverses the glass is not to be estimated by its linear measure, 
but by yt6 X that measure, inasmuch as the motion of the wave 
is slower in glass than in air by that proportion. W e must 
consider therefore that, instead of describing the space T in 
air, the wave describes a space equivalent to fiT in air; and 
therefore the effect of the glass is the same as that of length- 
ening the path by (//-— 1) T, Instead of IIM in the expres- 
sion of (47) we must put 


I1M+ {fjL-l) T: 

and the intensity of llglit at M is now 


LU^ 


COS" 


X 




which as in (48) is changed to 


4c" , 

[a + b)'^ lx a-r J 


OM- T 


1. 

r 


and the places of maximum brightness are now determined by 
making 

OM - r = 0, or = + - , or = -I- X. &c. : 

a u 2 “2 ”■ 

or by making 


2 a sill a 




60, Now if ^ — 1 were the same for rays of all colours, 
it is evident that these expressions would be precisely the 
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same as those found for the bright points in (48), increased 
by a constant 

- {/j, -1)T. 

2a sm a ^ 


That is, the whole system of fringes would be shifted towards 
Jf, without any other alteration. As /x — 1 is not constant, 
this is not strictly true : the fringes ai-e shifted, but there is 
also an alteration of colour arising from the difference of 
spaces (not even proportional to the breadth of the bars) 
through which the cliifercntly coloured bars are shifted. 

61. It will readily be imagined that if a piece of com- 
mon glass were interposed, the lengths 

GM and Jfilf + 

would, on account of the exceeding smallness of X, differ in 
every point between I and AT by many multiples of X, and 
therefore (52) no fringes would be visilde. The experiment 
may however be successfully performed by taking two ])ieces 
of glass from tlie same plate, wliose difference of thickness 
will be very small, and placing one in the ijath of one pencil, 
and tlie other in the path of tire other, lint it may be better 
performed by taking a pretty uniform piece of glass, cutting 
it across the middle, and holding one half ])crpendicular to 
the path of one pencil, and the other half inclined to the ])ath 
of the other. It is evident that the obliquity of passage pro- 
duces the same effect as the use of a thicker piece of glass : 
and by gentle inclination the difference of paths may be made 
as small as we please. 

62. The difference of ])aths is to be calciihitcd thus. In 
fig. If) let WX/r^ha the path of a ])ortion of the wave per- 
pendicular to one lialf, and A/S!Z^Fthe ])ath of anotlicr ])or- 
tiou (which for simplicity we suppose moving in. a ])arallel 
direction) through the other liaJf whose angle of inclination 
is /3. Let T' be the tldckness. From T draw Ts perpen- 
dicular to US produced. Since the front of the wave in air, 
when the portion in (piestion is incident at is perpendicular 
to US at the point S\ and since, when the ])ortion lias 
reached 1\ the front of the wave in air is perpendicular to 

A, 
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TV at the point T; it is plain that the wave has advanced 
in the direction perpendicular to its front only through the 
space Ss, But the time which has heen occupied in this 
progress is the time of describing 8T in glass or ji. 82' in 
air. Consequently the retardation (measured by the s]}ace 
which the wave would have advanced further, if it had moved 
in air) is 

fjL.ST-Ss. 

And the retardation of the portion incident at X is 
(/^-l)XFor r. 

Therefore the upper pencil is more retarded than the lower 


The angle of incidence is ^ : and if 7 be the angle of refrac- 
tion, 

8T= , and 8s = 

cos 7 


cos 7 


A 1 sin 8 

Also 


sin 7 ■ 


therefore the retardation 


== T' f cos(/ 3->-7) sin/3 ^ 


(sin 7 


cos 7 


cos 7 


31117 


= 2?' (^sin^ ^ - //,.sin-| 


If /3 be small, 


sin ^ “ sm ^ very nearly, 


and the retardation 


= 2 T' 1^1 — sin^ ~ nearly. 

This is to be substituted for (jCt — 1) T in the expressions of 
(59) and (GO) ; and the resulting quantity 
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a-\-h 
a sin a 


T (^1 



measures the shift of the central har towards the side on 
which is the inclined glass. 


63, These conclusions are fully supported hy experi- 
ment : and this is important as establisliing one of the funda- 
mental points of the undulatory theory of Optics, namely that 
light moves more slowly in glass tlian in air. The whole 
of the investigation of the last proposition depends on this 
assumption. 


Prop. 15. A series of waves is incident upon two plates 
of glass separated hy a very small interval (fig. 17) ; part of 
the light is reflected at the lower surface of the first glass and 
part at the upper surface of the second glass : and these por- 
tions interfere : to find the intensity of the mixture. 

64. Let AB he the path of one portion which is refracted 
in the direction J5(7, and of which one part is reflected in the 
direction while anotlicr part is refracted at G and falls 
on the second plate at is partially re ( looted to and par- 
tially refracted in the direction FG parallel to 01), Draw FD 
perpendicular to GI), Then the ])ath which one w^ave has 
described in going from G to measured ],)y the ecpiivalcnt 
path in vacuum, is while that wliich the other has 

described in going from C to F (where its front has the same 
position as tlic front of that which has readied D) is 

GE+EF, 

The excess of the latter above the former is 

GE^EF^fji^GJ). 

Let D be the distance of the plates, 7 the angle of incidence 
at (7, yS the angle of refraction. Then 

2D 

CE-^EF=^-: 

cos/:^ 

and Cl) = FC. sin y — 2l) . tan y 8 . sin 7 ; 


A 9 
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tlierefore the excess 


also = 


sin /3 ^ 
sin 7 ’ 


2Z> 

cos/3 


2 Z) sin® /8 
cos/3 


= 2i) cos 


i8. 


If then the extent of vibration in the light reflected from C 
be 


A sin 



where the distance x is measured by the equivalent patli iu 
air ; then the extent of vibration in the wave reflected from E 
will be represented by 


i?sin 



{vt — x — 2D cos /3) 


l. 

J’ 


and the whole intensity will be the intensity of the light in 
which the displacement of a particle is represented by tlie 
sum of these quantities. It must be recollected that by the 
reasoning in (37) we are entitled to suppose that the signs of 
A and B are different. 


G5. We have lierc however omitted the consideration of 
that part of the liglit which is reflected from F to again 
partially reflected at II and partially refracted at K: and t]n‘ 
other parts successively reflected. It is plain that (putting V 
for 2i) cos/3) the part refracted at K will be retarded 2F: 
that at the next point 3F: and so on. Now suppose tliat 
when light goes from glass to air, the incident vibration 
being 

a sin 

the reflected vibration is 


{vt - a:)| , 

and the refracted vibration 


0 . a sin i— 




. f27r . J 
c . a sin {vt — a;} j 
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and suppose that when light goes from air to glass, the co- 
efficient is multiplied by e for the reflected vibration, and by 
/ for the refracted vibration. Then if the coefficient for the 
light passing in the direction BG\% a, that for the vibration 
reflected at C will be. ah : that for the vibration refracted at 
acef: tliat for the vibration refracted at K, acey: and so 
on. Thus the whole vibration is 


f27r 

ah sin {vt — cc) [■ + acef 


sm 


27r 


V) 


+ 0 “ sin 


27r 

A 


{;vt — X ~ 2l^)| H 

} 


-f sin 


ITT 


{vt — a; — 3 F) }• + &c. 


h sin [• + cef 


sin (vi— aj— F)| — c^sin 
A j 


277 , . , 


In 


O177" 

1 — 2e“ cos f — V) + 6^ 


We shall anticijiatc so much of succeeding investigations (sec 
Art. 128 and 121)) as to state that, whether the vibrations are 
in or perpendicular to the plane of incidence’^*, tlicre is reason 
to think that 

e 

^ — 1, and cf= 1 — e\ 


Using these equations to simplify the expression ; resolving 
it into the form 



{vt ■ 


•x)\ + G: cos {vt- 
) L ^ 


■x) 


as in (17) ; and, as in (17) and (23), taking F^-h G-' to repre- 
sent tlie intensity, wc find for the briglitucss of tlic reflected 
light 

4r/e“ sirr ^ V ^ 4a V sin*^ (x 

1 — 2<3“ cos F^ Hh o'* (1 — e“)“ + 4e“ siir 1) cos 


* When, there n.rc vihrationa of hotli thcao kinds, it is necessary to calculate 
the illumination from each, and to take their sum. 
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66. The supposition W(‘ h/ivo inadr j ; fhal of^t ijjjjj 
plate of air or vacuiun inclosed Ix'twcm plafcH of “ la 
mica, &c. But it is ])lain tlin.t llic in Vi's}!‘';a{ii)n ap|ii\- in 
every respect to a thin of iliiid wilh air nn hodi 

sides; as for instance a S(>ap~l)nhhh‘.. d’o oxaininr parlicii. 
lar cases, 


(1) IfJ9 = 0, the intciisity : ■ () u'liafi'vrr hr jhc \ nf 
X. Thus it is found tliJit wlnav pin fra of <.|a a 

are absolutely in c-ontact or very nt‘;nlv a.,, |),r,v i,’; 
no reflection: and wlnni a s<>a,pd)uld)jr haiarrivcfl 
at its thinnest statu., just ladbn*. hiiiMlin;';, fhe npprr 
part appears perfectly blauk. 

(2) The intensity is also 0 if 

Dcos/3^^, X, 

But wlicu of (liflci’tuil. i;-! If will 

he impossible to muke the. li-hl "i' .-ill li,.. 
colours vanish with tlie .same, vnliie uf /; .•„|,] (i,,,.,' 
no value of U will prodnee. peifeet 


(e) IfZlcos^ — — , and if wc; take, (he valur ef ,\, eurre 

spending to the mean ra,>'.s (a.s the eTren-vellow'l (h,. 
mtensitj of ligiit in th<‘ ditrerent enh.n,,! will he 
nearly m the Kame proportion a.s in ll,r ineidenl li..'hi 
or the reflected light will he m-aiiv while. I:,|| Vhi,:' 
will not pke plaee. on ineiva.-;iiig:' I he value of // 
the reflected light will lie eolonred ; (ill // i ; Ih.,-,',,,!,. 
so hwge that for a gre.at niuuher „f diili-ivni. kli„l ; ..f 
*•'> '■'■•O' ••'"lall dll];.rei,re:i A, 


41) cos /S 


has tlic vahu^s ol .su(a’rs.:iv(‘ odd niinihr 


the different lond.s of light will (hen hr iniw-d in 

and (he mi.sdire. will l,e 


PkOP. 16. In the circunistan(a ".4 fit,. I f 

toM .1.0 !:;c i;;;:!-;;;:”;- 
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67. It is readily seen that tlie coefficient of the vibration 
refracted at E is a.cf: that of the vibration refracted at II is 
a.cifi and so on. Also the wave entering at J/ is behind 
that which entered at E by the same quantity V as before. 
Hence the sum of the vibrations will be 


a. c 




' . f^TT 


• x) I + (3“ sin 


'27r 


(vi - 


F)| + &c. 



Treating this in tlie same manner as in (65), the intensity 


of light is found to be 


or (1 — cy 


(1 — + 4e^ sin“ ■ 


68. The proportional variations of this expression are 
much smaller than those of tlie expression of (65 ) ; its greatest 

(1 — 


value being a‘ 


and its least 


The absolute varia- 


(1 -h C“)“ 

tions arc however exactly the same : and in fact tlie sum of 
the two expressions is always =a". This is expressed by 
saying that one of the intensities is Gom^hmentary to the 
other. This relation spares us the necessity of examining 
every particular case of the value of IJ, If for any particular 
value of I) the expression of (65) is maximum for any ])ar- 
ticular colour, that of (67) is minimum for tlie same colour: 
and so on. Tlius if for some value of I) the expression of (65) 
gave maximum intensity of red light, less of yellow, the mean 
intensity of green, less of blue, and notliing of violet (the 
mixture of which would jirodncc a ricli yellow) : tlien. the 
expression of (67) would give the minimum intensity of red 
light, more of yellow, tlie mean intensity of green, more of 
blue, and the maximum of violet (tlic mixture of which would 
produce a greenish blue diluted with much white). It is to 
be remarked that in the case of transmitted light the colours 
can never be so vivid as in reflected light, because none of the 
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co]om\s eveiMvlioIly <lisai>}marH, as no values nf /> and A. will 
make the expression oi [Ul) -0. 

Prop. 17. Two ‘X’lass ])nsms, rl?.!;!i{-an<',it‘d nr nearly so, 
(fio'. 18) are phiced willi f.luMr liypnlciiusal sidra ijoarl\ in 
contact: ]ie;lit is iiKadoid; in such a un'ninrr that liio ainde <,f 
internal itici(-lcne(‘ at llie hyjjnjciuisal side i.i nearly' eijual f«) 
the angle of total ndlcetion: part of llie li-dil i.' nOlerfrrl 
through tlie first ])risni, and part is n*irae{eij tlireU'di die, 
second: to find the expressions ior tin*. lulmisi (ie.i. 

69 . ,The investiga I ions and resulls are, exaelly tlH‘ . aiiic 
as those of Prop. ,15 a, ml 10: Inil. lids ease. de;a'rve ' a par- 
ticular consideration lor tin*, {ollowine; reason. In llii* «’a.:(* 
there is no difficult y' (wdiie.li Ihen*. is in iln* ollna’S) In iual%in*»; 
tlie angle of incidiyma*. apjii’oaeh as near as vve plea e h» the 
angle of total rcllee.tion, and (amseipu'ut iy no dllheuity in 
making /9 (which is the. aiigh*. of ndVaiU.ion IVoin lln* fir I pri.an 
into air) as nearly = 90" as wc. phrase, or t‘os /d as small as ua* 
please. Conserjucntly may la* mmle e.xhvmeh .mall 

without making i) very snndl. .Now if D cos /d in Prop. 15 

and IG were moih/raldij small ^a.s for inslanec ineh ] , we 

might find about twenty difl’ere.nt (*(donrs of’ light divtdino* dn* 
colours from red to vioh*! by lo|erai)Iy (‘<pial siiade s emdj of 
which, in conscrpicncc of tin*. diU'ereiu'e, of (heir valm'.; of A, 
would make 

sin'"' 1) e.os j : - I : 

and between tlicsc colours, tin*. i*xpressIon would have all iti 
changes of value. Tin*, mixl.tin*. <»!’ light wonhl liierejbiv he. 
produced by taking ]ia,r(‘.(ds from all ’ tin*, various ;dia.h-s of 
colour, and mixing thiuii iii tin*, saiin* proportion a o in enm.. 
mon light; and tlicrei’on*. would he. nearly white, Put, when 
cos /3 in this jiroposition Is r.rfn'uu'lj/ small ( for in. tanet* 
less than any valm*. of X, or not many times not 

one colour perhaps, or not mon*. than one. or two, ea’n be fimml 
for which ’ 

. <> /^TT \ 

siir I ^ JJmaftj I ; 
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and thus there will lie an excess of some colours, and tlic light 
will he strongly coloured. 

70. There is also another reason. By a small change of 
the angle of incidence we produce a small change in 7; and 

<7/3 tan (S 
as -f =- — 
ay tan 7 

this produces a great change in ^ (/3 being nearly = 00°). 
Consequently the change in Z) cos /3 is considerable: and 
the expression for the intensity of light will be varied much. 
If then the light of tlie clouds fall in different directions on 
this combination of prisms, or if the sun-light be made (by a 
lens) to fall on it in different directions, the light both re- 
fleeted and transmitted will form on a screen bands of light. 
jVs the position and breadth of these bands are different for 
every different colour, tlie mixture forms a very splendid series 
of coloured bands, in which the succession of colours differs 
from that produced by almost every otlicr phenomenon of in- 
terferences. The same effect may be seen as well if the com- 
bination of prisms be held to the eye : wlicn the light coming 
in different directions to the eye will exhibit the bands in 
great perfection. 

Prop. IS. Two convex lenses of small curvature, or a 
(‘.on vex lens and plain glass (fig. 19), are placed in contact: to 
iind the intensity of the light reflected and transmitted at any 
point If. 

71. The two surfaces at Tf will be so nearly jiarallcl that 
we may without sensible error consider them as ])arallcl’^* : 
and tliereforc tlie investigations of Ih’op. If* a,iHl IG apP^J- 
It is only necessary to find an expression for J) in terms of 
Oilf, ^ being tlie point where the lenses arc in contact. Let 


A« we alitall si,ip])Oflo in tlic investigation tli.at the separation, of the two 
.■surfaces at M is bvit a snuill multiple of X, it is evident that for tlm points 
iimnediately about M the defect from paKbllelism will pi*()du(;e an error amount- 
ing* only to a very sun ill Fraction of X: a/nd therefore the small waves in (32) 
will have their effects added tog-ether in the direction in wliich light is reflected 
from one of tlio surfaces, ncaily in the same degree as in the direction in which 
it is rellected from the other surface. 
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r be the radius of the lower s.irlhe.e, of (he. lens: / lhai 

of the upper surface of the. lower leu.s , 1 hen /> or the 
separcatiou at M is tlic sum ol (lie ver.se. s.u.-s ol I wn 
whose radii arc r and r, to tlie, ares wliose. ehonl is dM: 
and therefore 

OM - . om:^ 

2r 




The intensity of reflected lip:hl; (Co) will therefore he 

/l..Vsi.rgr) 

(l_,y.|-.ld-'.siirgr) 

and that of tlie traiusmittcul ((>7) will lx*. 


(1 - cry + i^ir I 

where F= OJ\/\VA)[AfS . 

(1) The reflected liglit v;uusli(‘.s 
V=0j or — Xj or : 
or wlien 


OJP = Oj or 


X see /*i 

*1 r = 

— j — y 

r r 


or 


tiXsix*./-? 


or 


,“»/V soi' /*> 


tKc. 


Consequently for any parliinilnr (‘o{nur ihcro will In* 
a dark spot at and a, sin’Ics oj’ dark riiiy;.^ of whltdi 
0 is the ccnt(n', and. Iln‘. s<jnan‘s ol' whoso diaiiu‘j<‘r.s 
arc in the ])ro]>orUon of I, 2, .‘k 

(2) The most brilliaiit light is n'Jhxdo.d wlum 


OJP = 


X se(‘. /3 


1 I 

— 1 - 
r r 


or : 


flXsee I'i 
I 1 


or 


r>A. S(n‘. /'? 


I 
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(>)iisc‘( jiicntly between tlie dark rings tliere are briglit 
rings, tlic sq[uarcs^ of the diameters of whose most 
hriUuiiit' ])arts arc in the proportion of 

1 i ^ ^ 

2 ’ 2 ’ 2 ’ 

(;i) ^.riic diameters of these rings are cceteris ]jaribiis as 
A/(sec/9). Consequently on inclining the incident 
ray, or on depressing the position of the eye by 
wliich. they arc viewed, the diameters of the rings 
increase. 


h'or dlirciamtly coloured rays, the diameters of the 
rings vary as V(k\ The different colours which are 
nvixed in white ligdit produce therefore a series of 
rings whose diameters are different, and which over- 
lapping each other produce a series of colours analo- 
gous to those mentioned in (52). The colours at 
last hccoino mixed to such a degree that no traces of 
rings arc visible. 

diaiuctcrs of the rings vary, cceteris paribus^ as 


ye 


1 1 

d 7 

r r 


To inakt'- tkc rings large, therefore, iiiust he 

HiiKill, or r and r' must he large. If the lower glass 
1>(! phnie, or I, = 0, the diameters of the rings vary as 


d'hc, Iransmittcd light, just as in (68), produces rings 
coni pi c,n unitary to those produced^ by the renected 
Vn>'lrli. dhic center therefore is bright, and is sui- 
nmiu'lc.d Ijv a dark ring, which is followed hy bright 
and darlc rings alternately, which soon become co- 
loured and iinally cease to be Tisible. The diametei 
flf (',a.<di ring is the same as that of the ring of oppo- 
Bile character produced hy reflected light. 
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72. These are commonly called AvwVew’.s- rA/.y.s-, IVom l!n. 

circumstance that the iiicasur(‘.s wliicli i h mo.st mi«* 

portant part of Sir Isaac Newton’s theory ol l!i;-ht, an. whieli 
have served in a great deoTcc for ih(‘. hHin.lahoi, ui M lli.M,ri.-s, 
were made by him on those rings. 1 1 h‘. colmirs I. le .-;ueers. 
sive rings, arising from the dilic read ini xi n res ol all t he colonrs 
producing white light, arc coinnionly e.alled A/7r/o// .v sra/f oj 
colours. "In describing tliem it is usual (o (h^srnhr Ih.an by 
the number of the ring (iuchiding ^Ihe.^ central spot in Ih.', 
reckoning) in which they occur. h<n’ ins(a.n(‘i‘, (he hlue ol 
the second order is not the blue, wdiitdi sniToinul.i Ihc. fciitral 
black spot, but the bhie whicli siirninnds ihe lirst l)i:u*k ring 
This scale is valuable, as giving ns a,n invai'iable ;d‘ifos <>1 
colours which can at any tinic‘, he, [irodneyd wjlhoul dinieiilly. 
The colours described in (52) as resulting Irom jh.^ e.\peri» 
ment of Prop. 12 (46) would do as wtdl, but (lie adjiistineiit 
of the apparatus for that e.xpcriin(‘.nt is much more, trouble- 
some. 

Prop. 19. Light diverging from a, (‘v.nler ./ fll;''. 2iM, is 
allowed to passthrough a small aptu-lnn^ to lliul the illu- 

mination on different jjoints of the, smaum /t/d 

73. Suppose the wave diviu’ging Irom /i lo proeee.l iu a 
spherical form till it reaches 67>: then‘, sipiposc ('very part of 
it (w'ithin the limits of the ap(‘.rtun‘) lo bi‘. ihc oi-ivdn (4* a 
little wave proportional in intensity to the, snporli<’iai exlent 
of that part. By the principle, of (21), the. sum oC th.' «lis 
turbauces which each of these ])rotlure,s at M is to l>i* laken 
for the whole disturbance tlierc: and. this bein;*; rnuiid, the 
intensity of light will be found n.s in tin*. prc«*edii)«>: prolilnux. 
Draw -d (9 perpcndiciihir to th(‘, se.re.tui, and rousid«'r it a:; the 
axis of A being the origin: lid; .r be. in the plane, <»r the 
])aper perpendicular to AO, and v/ pe.rpendirular to the papm'. 
Let AB = a, AO == a-\-b: (thiui b is ve.ry iiea,rly the ilistane.i* 
ofthe screen from tlie, aperture:) let; a-, //, and .: be, co ordinates 
of any point F of tlie wave, and p and y eo-onlinates t.f any 
point 3£ of the screen in the direeiions of .r and // (that in llie. 
direction of s; being a-l-h). t^uppose. the. front *oi‘ the \v,avt‘ 
divided by lines perimidicvilar to the. papin- into narrow par- 
allelograms, 'o[) and x + Sx being llic. eo-ordinates of two of 
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INTENSITY OF LIGHT NIIAR SITAOOWS. 

tliesc lines: and sii.])])Osc tlic pavallclograin wlios(i l)rea,(].tli is 
Sx to bo divided into small parallcloo-rains by Hik^.h ])ara!l(^.l to 
tlie paper, the co-ordinates of two lines beine,* y and i/+ %, or 
the surface of the small parallclogTiun formed by th(‘, int(‘.rst‘c.- 
tion of these wltli tlic others being Sx. <5y. Then the disphua^.- 
inent which the little wave originating at this surface would 
cause at M will be represented by 

I 

r 

Now PM- = { 2 > - xy + 0 - + (« + b - 

which, since a;® + y" -I- r/ = 

is == [a ”h &)“ -1- cr -h ^ ('’i' d'* '"• 


But ,0' = J Ur — nr — if) = ~ f — '{ nc'.arl y^, 

^ 2a 2a 

as X and y ar(‘. supposed to Ijc small cnaai. at tilth r grt‘,atcst 
values : tliertdbre 

-.v . n. 4- /» „ 0”1'A 

— 2 ia 4“ h) .c; = — %r — 2al) 4- xr 4 7" : 

^ ^ a a 


mid iW^ = //“+/ + v’'’-l- 

L L 

h .. 

X" — 

■ 2y« 4- y 

' a ' 

- -'IP 

whence^, 





Xx-\ 

0 

a H' A „ q 

^lab-y'- f 

luiiu'ly 


a ' h 
2ah 







' V 

a 4 ■ 

h) ' 



Put li for I + if ; 

-A (« 4- 1>) 
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then the displacement caused hj the little wave is 


Sic.S^.sin 


■27r f 

Lxf- 


B- 


o> 1) 
‘‘Zab 



2ab V j 


a-\-b) 


.8a;.Sj.sm{?J (.!-i!)}.cos 


+ U' 


+ y- 


'-S)’ 

■S)I 


Call this Sx.S?/.JV: and let v he the sum of all the dis- 
turbances for the slice between the lines whose ordinates are 
X and X H- Sx : w tliat for the whole surface, yincc v increases 
by Sx . IF. u]3on increasing 9 / by Sy, 


dv 

dy 


= ultimate value of 


Sv 

¥ 


Sx.JF, 


whence v = SxJyW, 

This integration is to be performed, and the limits of the values 
of y for the integral will be expressed in terms of x from a 
knowledge of the shape of the aperture. The effect of the 
narrow parallelogram being v or Sx IF, it is found in tlie same 
manner that the effect of tlic whole aperture is fJylV. As 

sin [vt — B) and cos [vt—B) arc not concerned in the 

integration, the whole displacement may be expressed thus: 


sin Y («^--^)/Ji;COS 

Ott* 

-cos (wf-J3)/J„sin 


TT 

a+l (■/ 


X 

aF Y 

^ a-\-b, 

TT 

a + h F 


y 

ah (1 

. «+y 



/"7..YV 
a + h) J_ 


Let the integrals be E and F: then the wdiole displace- 
ment • 


= E sin {vt — B) — i^cos — [vt — i?), 

A A 


and hence {as in (14), (17), and (23)} the illumination is re- 
presented by E^-‘ 4- F^, 



ISIUMSITI .IS- I-llill’’ 

L- . xt;V l 


. (v a + h / f'V Yl X . "' '‘i {// 

■s®|x-"^rv ^ \ 


(t(J 

•h/v 


A, (.(,(7 \ . \ .1 

value of the integrals, 

/„cos’Y'"a'ai>iH’Y- 

I r ..• Miul llicri'. Is 111) ililHi'iilly ill aplilyiiig 

5iar5ai::r.; 



E'mmiei A 

/S' a givoii iuiicUoii. oi a- 

lU-e . jj, ,/•.■.// /,■•’ ,PI' IP 

,h '' ' "'IP ' 

dif , , <PII l'~ , '''^' I 

;uul U \- /'■ I ,/„•,•■ • dP ■ -J . :i 

a., a thercl-oro llio valun al' (,h.) 

(/;; dir .i . •> 

.,r ii-sV/. I ii'IY • ./. :i ' 

can ho 010% I tr'":;:' '^-■ 

tenuH ^viU ho .ml loinil.. will ho Iho ii.hv'nd ui. In aii.v n.v'i 

imted for tiuoooaM.vo l.t.iUH, lu.a l.ho HUm I ^ , lU,. ,.„a ol' 

value of s. AUhloorj.eoii ami j. mu >^11 ' 
this Tract. 
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expressed in terms of it is seld^mi to iM-rfonn tin. 

second integration. 


75. In certain ca,s(\s houa^ver i\u.\ inny h.^ rUVricd. 
example, suppose tlu^ a.p<‘rliire to l>r a parallrj., 
sides arc 2e and 2/ in the. dircja ion nt’ .r and //, ihc jjjj,. fp 
passing through its ctniter. Let 

+ '"/ ')■' -'U 

Wj 0 u. I h; ’ 


nq / 'knh . ,lii / x,,/, 

• a + b V I 0 'V I /<) ’ 

•• / cosl’^ 1^ + ^ 0/-. VI / 

|x • ab P a \ bj\ V ;; „ i 

and this is to be taken iVom y • \ /’ 


\ 

vr.v'' 


or 


from A' = — . / VV L* ' ’ ■ 

V ( A,, A i ‘ 


to s - 


/\.>. <n I A 

V I A.', A 


"7 

n \ h 

' L- ^ 

I ■ ■ (/ 1 A/ 


Uiis wijl 1)0 the .sum of (he. (wo nmul/i-r,!, in (i„. (..iij,, |' 

c TT «S* 

ja-cos , eorresponding to 


A = /.j“ P I "'A ' 

V [ AoA I P ' „ i A ' 
;= /pO I A)) ' 

V [ AuA j (■ ,1 j A 


aiul 


Lot these he a,, yl,: ;u,<| ,, , 

tlic sme, let the mimhcrs in l.lm (.a.I,. .,f ,;,i„ 
ing to 

01 oo , 


AoA 


/ I 


"7 \ 
o I A* 
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and 


"be * 
Then^= 


Xa& 


/ a + i) 


I.W {apfjj} ^ - sfi)’; 

In the same manner jF= 


Integrating with respect to x in exactly the same manner 
"between x = — e and cc= + ^, and putting for the 

TT^ 

nijimhers in the table of /j cos — corresponding to 

« 77 * 5 ^ • 

and ^3, for those in the table of sin “ corresponding to 

A 

the same, 

■ /-2^{(A+^J(A+-BJ + (-B,+-BJ(A+A)}. 

The intensity or + JF® 
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This expression (omitting the first factor) is tho priHlurt 
two factors, of which one depends entirely on q and tin* aih 
depends entirely on p. If a certain value of p inakc.s i 
factor small, every part of the screen for whieh p has ih 
* value will have a small intensity of light. A, similar nann 
applies to the values of q which mak(‘, the odun* fai^toi* 

Thus the screen will be crossed by bars of light dilferc 
intensity at right angles to eacli other. 

^75. A nearly similar investigation applies !«> (he i 
vestigation of the intensity in the slaulow of an opaque pau 
lelogram with free passage for the light on all .si(h‘.s. Ii 
be found that it is crossed by bars of light, tin*, ('.entrai ha 
being white. 

76. Our limits will not allow ns to exainiue. In (!(•(.' 
these cases. The discussion of the valiums Ibr pmlienlar \ alu 
of p and g' depends entirely upon cxaniination oi' the mnn 
ideal results: and this must be done for a. gn‘at unmher 
values of and q before any conjecture. <aui \h\ forineil 
fringes, &c. about the edges. One of tim, simplest is, 

find the intensity of light produced by the shadow <d’a pla 
bounded by a straight line. If y is paralhd h> the ed«-r, a*i 
X for the edge = 0, then the limits of the lir.st inle^p-ni ion ar 

from y = — oD to y = -p x- , 
and those of the second 


from a? = 0 to x - rj 3 . 

This case has been fully considered l)y hF. h'nvsne! -md 
has arrived at this conclusion. If a ])la,i)(‘, l)t^ <lrawn‘ flimu. 
the bright point and the edge of the plain, and il* Hie ini; 
section ot tins with the screen be eaJhul th<‘. o^auinarir 
shadow: then on the dark side of the gvomeJrieal « Irul. 
the mtensity ot the light dimim.hcH r'npi.llr i 

Cl easing at all and soon becomes iiiw.iiHihle : Ini I on ( 
bright side the light increases and diminisln-.s bv n.-vn 
alteinatioiis before it acquires sciiHibly i(,.s lull In'i'ditnr 
forming a succession of several bands on (Ihi liri-hi' 
the geometrical shadow. And as, for f.lio saino/’i.oinl f 
imits for which the tabular numbers are taken are diil'.’iv 
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for different values of X, and as the factor of the whole varies 
with X, the intensity of the differently coloured lights will be 
differently proportioned at different points, and thus the hands 
will be coloured, nearly as in (52). This phsenomenon, known 
hy the name of Grimaldi s coloured fringes, had long been 
observed, and an imperfect explanation was given by Newton. 
In Fresnel’s Memoire sur la Diffraction it was shewn, from 
accurate measures with various values of a and h, to be a con- 
sequence of the theory of undulations {Memoires de VInstitut, 
1821). 

77. Another instance is, if the form of the plate be a 
square corner, then besides the bands on the outside of the 
geometrical shadow there are seen within it hyperbolical 
curves as in fig. 21. The accurate investigation^ may be 
performed as above : but a general explanation may be given 
thus. Let P and Q be points similarly situated on the two 
sides: the small waves diverging from their neighbourhood 
would, as in (48), produce bands by their interferences; and 
the breadth of these, by (56), would be inversely as the dis- 
tance of P and Q. Consequently the nearer P and Q are 
taken to the solid angle, the broader will the bands be, and 
their form will therefore resemble tlic liyperbola. In this we 
have omitted the effects of interference of other portions of the 
light nearer to and further from tlie angle, but as the omitted 
parts would at, different points produce effects nearly similar, 
it is probable that the general form of the curves will be 
similar to hyperbolas. 

78. Another instance is, if the liglit fall on a very narrow 
slit, coloured bands of much greater breadtli arc tlirown on 
the screen. The second case of (25) sufficiently explains. their 
origin. If tlie slit be triangular, it is observed, (as was first 
remarked by Newton), that the bands are rectangular hyper- 
bolas, the asymptotes being parallel and perpendicular to the 
axis of the triangle. This appears from the same investiga- 

* In this and the preceding case, it is necessary to consider the effect pro- 
duced by small waves diverging from distances seiisildy ditlercnt. In the 
investigation we suppose tliat the absolute effect of each of these is tl e same 
as the effect of a wave diverging from a surface of ecpial extent at a smaller 
distance. This is manifestly incoiTect : hut the inaccuracy produces no sen- 
'sible e.ror in the result, for the reason mentioned in (2y). 


03 undclatoey theoey oe 01‘Tirs. 

geometrical shadow of the triangle s vute.\. 

79 In the following instance we may find tlm iut..naity 
«t one point without much trouble. _h.i|.i.n.se, the ui.rrfiuv, ni 
nz) to be a round hole: to find tim mlensity at ‘'''j' 
the screen which is the projection ot i s eenlm. i i ale. tlu, 
circle into rings, the inner and outer riu ii ol one. b. in;;, . and 
r + 8r or its surface being 27rrSr. d lie dislauee. ol ..very 
point kthis ring from the point ol the se,reen i.s 

and hence the whole displacement at the eenira.l point of the 
screen is 

, . (27r / ,, 1 «-l-o .. 

/,27n-sin v 


or 


\ah 

b 


cos 


vt • 


7 1! 

•‘-rw, '■ 


r 


If G Toe the raclljas of the hole, this Is to Ik:, takoii iruni r - 0 
to r = c, and its value is 


2\ah 


.. '27r 

sm 

/V 


/ a + 7> ,A| . /t'TT 1/ I /. 


The intensity of illumination is conscfiucnl ly 


(a + 6) 


T, . Sin" 


2 a b 
X Adh 


On referring to (71.) it will he seen tliat thi.s oxpnMlon i;i 
nearly similar to the expression for the intensity (»f thn n*- 
fleeted light in Newton’s rings, considering the deuntuinator 
in (71) as constant, and making 

2 «r'’ 

and consequently the colours arc nearly tlio .Maiiit' Ihr ihc 
same values of V. To obtain tlic colours corrc.^p,.!i(nn,g to 
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tliose of tfie inner rings, we must liave V. as small as possible, 

or i ^ must be as small as possible, and tlierefore h must be 

as great as possible. On climinisliing 1), F increases. Con- 
sequently if we first place tlie screen at a very great distance 
and tken bring it nearer to the aperture, the scries of colours 
at the center will be tbe same as tliose found on tracing 

O 


Newton’s rings outwards: but as we cannot make - + i = 0, 

a b 

we cannot liave all tlie orders beginning from tlie central 
black. This agrees with observation. Tor any other point 
of the screen, the intensity can be found only by the general 
method of (73). 


^79. Instead of supposing a circular hole in a plate of 
unlimited extent, suppose the plate to be a small circular 
disk, with free passage for the light on all sides. The whole 
displacement will be expressed by the same formula 

/,27rrsin|^(ui-Zi-^r^)|; 
but the limits of r will now be from c to cc . 




'kab 


= s : the expression becomes 


\ah , . f27r 


{vt — h) • 


si- 

V 


and the limits of s are 


TT (a + Z>) 


integration in this state. 


Xab 


c“ and CO . If we perform the 


tlie unintelligible 


we come upon 
symbol cos co . To avoid this, and at tlie same time to repre- 
sent an intensity of little waves slowly decreasing as the in- 
clination increases, use the cxj)ression 
Xah 


a -p b 


Is 




sin 




{vt ^ h) 


where / may be so small that its effect through a consider- 
able angle is almost insensible. 


Xab 


(a-l-i) (1-f /'j 


.“/a 


cos 




The general integral is 
-sj -/siu 1"^ 
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which vanishes for 5 = cc , liowever small / may be. Omit- 
ting the trilling effect of / in the first value of s, the limited 
integral becomes 


Xah 

a~\-b 


cos 







in which the symbol 


and the intensity of light is , 

does not appear. The intensity of light, therefore, at the 
center, is the same as if c = 0; that is, the same as if there 
were no disk in the way. 


For the intensity of light at any excentric point, the reader 
is referred to the Fhiloso'pliical Magazine, 1841, January. 

Prop. 20. Every thing reniiaining as in the last pro- 
blem, except that, close to the hole, a lens is placed of such 
focal length that light diverging from A will be made to con- 
verge to 0 : to find the intensity of light on the screen. 


80. From (44) it appears that the form of the front of the 
wave after refraction by the lens will be a sphere of which 0 
is the center. Let 0, fig. 22, be the origin of co-ordinates : 
p and q the co-ordinates of a point Jf on the screen : x, y, z\ 
those of P, z being parallel to OA. Then 

Pif - = (p — a;)" -f (ry - yY + 

But by the equation to the surface of a sphere, 

hence 

PilP = P + 4- p — — 2^3/, 

and FM = 5-1- ^ — -y nearly. 


The terms depending on and y'^ will be insensible, as 
they will be multiplied by the very small quantities and 

Put B for 5 4 in the first and last parts of 

(73), the whole displacement at M is 
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This expression is much simpler than that of (73), as there 
are no terms involving a? and The first integration can 
always he performed : it gives 


h\ 


cos 


27r 

X 




and if y' and y' are the least and greatest values of y for a 
given value of x (given hy the equation to tlie aperture in 
terms of a?), the first integral is, between these limits, 


27r^ 


cos 


(Stt 




=cos|— (v/J—i?) 
(X 




hX 

j2^ 

hX 

Sttj 


cos 


b 

27r 

6X 

’27r 


-cos 


27r 

x” 


ipxJray) 






-cos 


f . \ 27r 

cos •{ — (tJif — i?) (• and sin -j — [vt — B) 


(sin [p^Hy')\ -sin ip^+^y") } • 

Let the integrals of the terms within the brackets (with re- 
spect to X and between the proper limits) be P and Q : then 
the coefficients of 

(27r 

are respectively P and — Q. 

^ 27 T(Jf 

7 . 2^2 

and the intensity of the light is (P^+ Q^)- 

81. Ex. Let the aperture be a parallelogram whose sides 
are 2e and 2/. in the direction of x and y. Here 


2/=-f, y" = +f: 


COS 


277 

bx ' 


(px -j- qy') ^ - cos I ^ (px 4- q?/) 


277 


= cos|Jj(px-2/) 


cos 




= 2s!>igyx).sing?#), 
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7% /2‘7r "N 

= — t ro :r = -r 6 dives P = 0, Also 


r<x-qif ^ 


• sin 


r*27r / , rn] 




px - ‘if \ ■ - sin {px + q /) j- 


T]jX . i-rrqf 

(x b\ ’ 


;.\ . 2:7/7 r . 'iiTpx 


= — 7 to a- = -f f giTes 

. ^TTof . 27r;?;<? 

= - “5in -g- . sm-^ . 


. .^Trqf . 2 27r;;e 

7= -"'if ' fJh^ ,in 

'^Trqf " 6 \ J {^-ujje " bX J ' 

i IS maximiim when p = 0, q = 0 : so that there 
: in the place of the image determined hj com- 

t is 0 when p is any multiple ^ ? or when 


, ‘-X 

'r 

*2f 


This shews that the screen is tra- 


ingiiiar dark bars at equal intetyalSj the inter- . 
ttion of the length of the parallelogram being 
I: ■ thers. For a given value of p, the bright- 
: when q = 0. or when q has one of the values 
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wliicli makes sin maximum. Thus it appears 

that there will be a brilliant point at the center ; a four-rayed 
cross through the center, the rays being interrupted at in- 
tervals ; and a series of less bright patches in square arrange- 
ment in the angles of the cross : also the distances from the 
center are greater for the red rays than for the blue. When 
the parallelogram is narrow, the bright parts in the direc- 
tion of one side form one of the kinds of spectra described 
by Fraunhofer, 

^ 82. Let the aperture be an equilateral triangle. Take x 

in the direction of tlie perpendicular to one side, and let tlie 
angle opposite this side be the origin of co-ordinates: let e be 
the whole length of the perpendicular. Then 


Hence 


cos 


y ■=i^x tan 30® : -\-x tan 30®. 




2 it (^ — 2 tan 30®} 
h\ 


sm 


sm 


(p- 2 tan 30") 
(i’ + ^tanSO") 


27r {p tan 30®) 

the value of which from x=0 to x = e is found by putting 
e for X, And 


Q=L 


sm 


'27rx 


— sin 


27rx 


I- 

1 /-X 


the value of which from a; = 0 to = e is 


( 2 ? + iZ tan 30®) 


27r (p — ^ tan 30®) 
hX 

27r (p + 2 tan 30") [_ 


• COS 


: COS 


2'7rP 

0<7T*/> 

_ (_p -p 2 tan 30®) 
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The sum of the squares is /omitting the factor —A 


47r“/ 


{p — q tan 

1 


2 — 2 cos 


(^>-2tan30'’) 


(p + 2 tan 30^}" L 


2—2 cos [p> + q tan 30® 


'f—q^ tan'^SO® 


l+c„s4™?^_c„s(^(y-jtim30”)|-cos(^=(7+jtan30-) 






= y+e^^tan^SO” _ 4jj^ta n30°+4g°tan^30° ^ 3 qo, 


[bX 


{qr—q^tsiii'^SO'^)'^ {p^ — 2*^ tan"^ 30®) 

, Apq tan 30® — tan^ 30® ’ (27rc , 

+ -{p>-rtm‘Wr' { »: 

_ 47r6^ tan 30® 

( tan'*30®j^ b\ 

Let p — r cos 6^ q^r sin 6 : which is the same as referring 
ilf to the central point of the screen by polar co-ordinates. 
Then observing that tan^ 30 = J, and restoring the factors 

— ^ and — -y-o 5 . 

47r 47r <7“ 

this may be put in the form 

35V 1 


327rV‘^ * sin^ d . sin^ \B — 60®) . sill‘d [Q — 120®) 


— sin [Q — 60®) . sin (0 — 120®) . cos 


47rre 


sin B 


— sin (0 — 120®) . sin [Q — 180®) . cos 

— sin (0 — 180®) . sin (0 —240®) . cos 
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The maximum value it will be found is when r = 0, and is 
= r- . The value is also considerable when 0 = 0, or = 60*^, or 

o 

= 120^5 or = ISO^ or = 240®, or = 300®, when it is 


f Xh . 27rre\ 


w 

&nr‘‘r^ 


■ COS - 


27rre\ 

xT; 


7 


(as will be found by commencing with the first integral for- 
mula of (80), and, for the ray, making q = 0; and, for the 
central point, making p also = 0). This points out exactly 
tlie star-like form observed by Sir J. Herschel {Encyct Metrop. 
Light, Art. 772). 


83. Let the aperture be a great number m of equal 
parallelograms of length 2/ and breadth e at equal distances 
//. Here y = — / y' = +/: and the expression to be inte- 
grated is 

cos + cos + ^)| 

= 2sm^/ sin||: + . 

Tlie general integral is 

— ~ sin . cos 1“ {vt — J54-? x)\ . 

If Ic be the value of x corresponding to the first side of the 
first parallelogram, that corresponding to the first side of the 
(?i+l)*^* parallelogram will be k + 7i{e + y), and that cor- 
responding to its last side 7c -h n (e -i- q) + e. The integral 
therefore for the (n + 1)^^^ parallelogram is 


X& . 2'jrr/f 
— sm . 
rrp Xb 


cos 




s I I P”' (c + .9) 
b b 


■cos 


ir 


vt- 


h b b 


2X5 . 2™/ . irpe . 

: - -sm-“— .sin ^y-.sm 
TTp Xb Xb 


27 r f ^ pic pe y>(6+<7) ] 

x:r-®+ir+f4+ 4 " 
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Let •^= Gi then the whole displacement at Jf 

produced by all the parallelograms, (restoring the factor 

from (S0}J, is 

. 2170 f . m-pe ^ . FStt f n x V "^9) \ 

\b Xd I ^ .J. 

The finite integral of the last teim with respect to n is 
, ^ y— cos ^ ivt - 0 _ X)1 


bX 


which from = 0 to ^^ == m is 

mp (e+p) TT 


sill 


hX 


P ifi + g) TT 1_ X I 


Sin 




bX 


iJ 


Thus, putting 

(1 

b ' ‘ 2 ’ 

ire hare for the whole displacement 


-^sinaFsin^ 


Sin 


mp [eA-g ) tt 
hX 


O i3i.JUL - - , am H I 

' M . p (e~h q) 

sin-i— i ±L. 


' . sm 


bX 


'Stt / 


and consequently the intensity of the light i 


IS 


ie^f- sin 2l|/y f]±,sm J 
\2Tr£f \b J \Trm >./> / 1 


fsin-^i^ 


TT 


fix' 


Uj 


[ 


sm 


p i ^+ff) 

hX 


Si. The most remarkahle variation of this depends on 
the last term. This may be represented by where 



SPECTRA PRODUCED BY GRATING BEFORE A LENS. 77 


on is a large wliole number. This has a great number of 
maxima corresponding to values of 6 for which md is some- 

what less than the successive odd multiples of - (omitting 


~ itself) ; but the greatest maximum is that found by making 

sin 0 = 0. Its value is then which is much greater than 
any of the others. For, the next maximum, when o7id = 258^ 
nearly, is 


sm- 


258" 


on 


the next is nearly =m^ x 0*016 : &c.; and when sin 6 is nearly 
= 1, the maximum is nearly 1. As we approach to the value 
0 = TT, one or two values are sensible, and then we reach the 
large maximum, of the same value as before. Suppose now 
we have placed on the object-glass of a telescope a grating 
consisting of 100 parallel wires. There will be a bright 
image of the luminous point formed at the centre of the field, 
and one or two less bright on each side, so close that they 
cannot be distinguished : after this there will be others, but 
tlieir intensity will diminish so rapidly (being at one of the 

onaxima only — of that of the brightest) that they will be 

invisible ; and at a distance there will be another point as 
bright as the first: and at an ccpial distance beyond it, 
another : and so on. Thus there will be a succession of 
luminous points at equal distances from each other, with no 
perceptible light between them. The distance of these points 
is found by making 

0 = 0 , or TT, or 27r&c.; or w = 0, or — — ■ or — , &c. 

^ G + 6-{-g 

This applies to any one kind of homogeneous light. When 
there is a mixture of differently coloured lights (as in white 
light), there will be a union of bright points of all the colours 
where ^ = 0, but at no other place. For, to arrive at the 
second bright point, we must go to a distance from the first 
proportional to X. Consequently the next blue point will be 
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nearer to the center than the next red point, &c. Thus in 
tlie center there will he a bright white point, but at the sides 
there will be spectra similar to those formed by a prism, their 
blue ends being nearest to the center. And as each bright 
point is almost perfectly insulated, the spectrum will hQ pure; 
that is, there will be no sensible mixture of colours in any 
part of it. This is verified completely by experiment: the 
spectra are so pure that, when the solar light is used, the 
fixed lines or interruptions of the spectrum, which are so 
delicate that only the best prisms will shew them, may be 
seen in the spectra formed as we have described. 

85. We shall now consider the term 


' 2 ^ 

jrjpe 



AVhen is small, or when e is small, this is = 1. When p is 
increased to any multiple of ^ , it vanishes. Consequently, 

whenever the same value of ]) is a multiple of ^ and of 


^ one of the spectra will disappear : that is, whenever e 

and g are commensurate. This is true in experiment. And 
at all events, the successive spectra are less bright than the 
central colourless image, this factor having its greatest value 
when p = 0. 

It is unnecessary to consider the effect of the first factor, 
as it only points out the law of brightness in the direction of 
tlic length of the parallelogranis. 


86. The aperture is a circle, whose radius = e, (This is 
the ordinary state of a telescope.) Since the intensity will 
be equal at equal distances in all directions from the center of 
the screen, let p = r, ^ = 0. It is evident that 

y = _ 

Then the expression to be integrated in (80) becomes 
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The first integral is obtained by multiplying the sine by y. 
Taking this between the limits, the expression becomes 

/„ 2 sin - -B + y)| , 

or . 

.2 sin {vt - -B)| V - a?) cos 

+ 2 cos {yt - -B)| \/ (e- - as”) sin , 

wliicli is to te integrated from x = — e to x = -i- c. 

The second line, it is evident, will vanish : and the ex- 
pression is reduced to 

2 sin — -B)| Xc V (e'' — cos -y- . 

Let - = w, ?^ = n: the expression becomes 
e bX 

2e^ sin (vt - -B)| /.„ V(1 - cos nw, 
from 20 = — 1 to 20 = + 1. 

Let <f> (n) = ^(1 - cos mo, 

from w = 0 to 20 = 1 ; 

the expression is 

sin {vt - JJ)| X eV . <^) («•) ; 

and the intensity of light is 

eV{<j){n)Y, 

A table of values of <;&(«) is given at the end of this work . 
On examining it, it will be seen that there is blackness when 
21 = 3 83 or 7,14 or 10,17 (which indicates dark rings) : and 
brightness when 21 = 5,12 or 8,43 or 11,03 (which indicates 
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bright rings), -with intensities respectively about 


and j of that at the center. 
620 


57' 240’ 


The angular diameter of any ring as viewed from the 

r Xn 


center of the object-glass = 


b 27r6* 
27res 


Let this anc'ular dia- 


meter in seconds be 5, then n == — sin 1''. If e the radius 

A 

of the object-glass be expressed in inches, and if for mean 
rays X be 0,000022 inch, the last equation becomes 

oi == 1,3846 X es. 

Hence we have, 

Lor the bright rings, es = 3,70, 6,09, 8,40 ; 


For the black rings, 65 = 2,76, 5,16, 7,32. 

These are the ordinary rings seen round a star when 
viewed with a good telescope. 

It appears from this that the central image of a star (the 
star being considered as a point of light witliout visible 
dimensions) is not a point but a circular disk, diininisliing 
in intensity of light towards the edges ; whose extreme radius, 
in seconds, is defined by the equation 


65 = 2,76. 


The larger is the aperture of the telescope, the smaller is the 
angular measure of the breadth of the disk. . 


*^‘86. The aperture is an ellipse, vrhose semiaxes are e and/. 
Taking the general co-ordinates p and q for a point in the 
screen, and remarking that, in the expressions of (80), 

y’ = 

and 2/" = + — »■)» 
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it will be seen that the first of the four terms in the final ex- 
pression for displacement is 


(277 . 

cos {vt 


-J3)\ 


bx 

277 ^ 


cos 


277 f 




V(e-- 


‘X“ 


to he integrated from — e to x = e. 


Now if we had investigated the displacement with a cir- 
cular aperture of radius 6, for a point on the screen whose 
co-ordinates are p and q\ the first of the four terms would 
have been 


cos 


ZTT 


{vt — B) 


1)\ 

J 2772' 


, cos 


hX 


-{jpx-q ^/{i-x-)] 


Disregarding the change in the constant multiplier from 
to these expressions would be exactlj the same 

... 'fa , 

and to be integrated between the same limits, if y = q : and 

the same holds for tlie other terms of the displacement. But 

it was found in (8G) that, for the circular aperture, tlie bright- 
jiess or darkness depends simply upon the value of r, where 
+ q^ : and a ring of definite light is determined by the 
equation 

= constant, or pr -f q’^ = constant. 


Therefore in the case of the elliptic aperture, a ring of definite 
light is determined by the equation 


pr -P q^ = constant, 


or p'' -1- 


/y 


= constant. 


Tins is the equation to an ellipse whose semiaxis in the 
direction oip is to that in the direction of q as f to e. Con- 
sequently the central spot and the rings are elliptical, but tlie 
direction of the major axis of the rings corres]3onds to that of 
the minor axis of the aperture. This is found in experiment 
to be true. 


87. The wliolc of the experiments which are the subject 
of Prop. 20, (80) to (*^*86), are easily made by limiting the 
aperture of the object-glass of a telescope, or by placing 

6 
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gratings before it. Tlie appearances which, we have investi- 
gated are those that vronld be formed on a screen in the focus 
of the object-glass ; but it is well known hj common Optics 
that the appearance presented to the eye, when an eye-glass 
is applied whose focus coincides with the focus of the object- 
glass, is just the same as if the light had been received on a 
screen placed there. Thus it is only necessary to limit the 
aperture and then to view a bright point (as a star), when 
the phfenomena that we have described will be seen in great 
perfection. 

88. The experiment of (83) &c. is particularly remarkable 
on this account. It shews that there is light diverging in all 
directions from the front of the grand wave where it meets tlio 
lens, which is insensible only because it is destroyed by other 
light. For if we view a luminous point with a telescope in 
its usual state, no side images are seen : on putting a grating 
on the object-glass, which intercepts a part of tlie light, the 
side images are visible. That this depends simply on the 
obstruction of the light, and not on any reflection or refraction 
by the grating, is evident from this circumstance, that it is in- 
different whether the grating consist of wire, or silk, or lines 
scratched on the glass with a diamond point, or lines ruled on 
a film of soap or grease. The same principle may be used to 
explain the spectra produced by the reflection of light from 
metallic surfaces on which lines are engraved at very small 
equal distances. In fig. 23 if light from F falls on a small 
reflecting surface Ad and is received on a screen GII^ and if 
F and 6r be both distant, tlien a point G may be found 
such that the paths FAG, FBG, etc. will not sensibly differ 
in length ; and therefore the small waves which arc produced 
by the same great wave, coming from every part of the sur- 
face, will meet in the same phase at G, And this will be 
true whether any part of the surface is removed or not. But 
atiT there will be no illumination, because we may divide the 
surface into parts A, a, B, b, &c. such that the path Fall 
(supposing the surface a continuous plane) is less than FA ll 

by ^ , and therefore the small wave coming from a will cle- 

stroy that coming from A ; the small wave coming from b will 
destroy that coming from B : and so on. Now suppose that 
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we remove tlie parts a, 5, c, &c. There is now no wave to 
destroy any one of those coming from B, &c. : and tliey 
will not destroy each other, because the path FBH being less 
than FAH by \ FCH being less than FBH by X, &c., they 
are all in the same phase. Consequently there will be bright- 
ness at //. For different values of X it is evident that we 
must take points at different distances from G : and thus 
spectra will be formed nearly as in ( 84 ). 

For calculations applying to various cases of interference, 
the reader is referred to several volumes of tlie Philosophical 
Transactions^ the Camhddgc Transactions^ and the Philo- 
sophical Magazine, A most remarkable investigation by 
Professor Stokes on an apparent change in the periodic 
time of waves will be found in the Philosog>hical Transac- 
tions^ 1852 . 

APPLICATION OF THE THEOHY OF ITNBXJLxATIONS TO THE 
PHiENOMENA OF POLARIZED LIGHT. 

<S9. In the preceding investigations, no reference has been 
made to the direction in which the particles of the luminifer- 
ous ether vibrate. They rniglit, like the ])articles of air in the 
transmission of sound, vibrate in the direction in which tlie 
wave is passing: or they might, like the particles of a musical 
string, vibrate perpendicularly to the direction of the wave, 
but all in one plane passing through that direction. To 
these, or any other conceivable vibrations, our investigations 
would apply equally well : all that is required being that they 
should be subject to the general law of undulations, and that 
for a considerable number of vibrations the extent and time 
of vibration should be the same. The pha^nomena of polar- 
ization, however, enable us to point out what is the kind 
of vibration. 

90. The properties of Iceland spar (which, it has since 
been discovered, are possessed by the greater number of 
transparent crystals) first pointed out the characteristic law 
of polarization. If a pencil of common light be made to 
pass through a rhombohedron of this crystal, it is separated 
into two of equal intensity. This may be shewn either by 
viewing a small object through it, when two images will 
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"be seen ; or by placing it beliind a lens on which the light 
of the Sun or that of a lamp is thrown, when two images 
will be formed at the focus. A line drawn through those 
two images is in the direction of the shorter diagonal of the 
rhombic face of the crystal; the rhombohedron being sup- 
posed to be bounded by planes of cleavage, and the pencil of 
light being incident perpendicular to one of them. 

91. On examining the paths of these pencils within the 
crystal, it is found that one of them obeys the ordinary laws 
of refraction, but the other follows a more complicated law 
(which we shall hereafter describe). The first is therefore 
called the Ordinary pencil, and the other the Extraordi- 
nary pencil : and they are frequently denoted by the letters 
0 and K 

92. To the eye no diiference is discoverable between the 
two pencils, or between either of them and a pencil of com- 
mon light whose intensity is the same. Yet the properties of 
the light in the two pencils are different, and both are dif- 
ferent from common light. For if we take one of the pencils 
(for instance 0) and place a second rhombohedron before it ; 
on turning the first rhombohedron it is found that in general 
the second crystal separates the pencil 0 into two of unequal 
intensity, one following the ordinary law and the other the 
extraordinary law (which we may call Oo and Oe)^ and that 
in certain relative positions of the crystal one of the pencils 
wholly disappears. On examining the positions it is found 
that, when the two rhombohedrons are in similar positions 
(that is, when all the planes of cleavage of one are parallel to 
those 'of the other), or when they are in opposite positions 
(that is when, keeping the same surfaces in contact, the first 
is turned ISO® from the position just described), Oe disap- 
pears, and Oo only remains ; that is, there is only an ordi- 
nary pencil produced by the second crystal. On the contrary, 
when the first rhombohedron is turned 90® either way from 
the position first described, Oo disappears, and Oe only re- 
mains : that is, there is only an extraordinary pencil produced. 
In any intermediate position that pencil is strongest which, in 
the nearest of the four positions that we have mentioned, does 
not vanish. 
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93. Now if instead of 0 we take the pencil E, the ap- 
pearances are wholly changed. In general, as before, the 
second rhombohedron divides this into two pencils of unequal 
intensity, one following the ordinary and the other the extra- 
ordinary law (which we shall call ^<9 and-Efe). But when the 
crystals are in similar or in opposite positions, Eo vanishes, 
and Ee only remains : that is, there is only an extraordinary 
pencil produced. When one is turned 90*^ from the similar 
position, Ee vanishes and Eo remains ; that is, there is only 
an ordinary pencil produced. 

94. It appears then tliat neither'*’ of these two pencils is 
similar to common light ; for, when either of them is received 
on a second rhombohedron, it does not always produce two 
pencils : common light always does produce two. It appears 
also that they are not similar to each other ; for, in certain 
positions of the second rhomb, 0 will produce only an ordi- 
nary ray, while E will produce only an extraordinary ray : in 
certain other positions, 0 will produce only an extraordinary 
ray, and E only an ordinary ray. The rays therefore have 
some peculiar properties depending on the position of tlie 
crystal. But between the properties of the two rays a re- 
markable relation can be found. When the rhombohedrons 
are in similar positions, 0 will produce only an ordinary ray. 
When the first is turned 90°, E will produce only an ordinary 
ray. Consequently, on turning the crystal 90°, E has the 
same properties which 0 had before turning it. Again, when 
the rhombohedrons are in similar positions, E will produce 
only an extraordinary ray. On turning the first through 90°, 
0 will produce only an extraordinary ray. Consequently, on 
turning the crystal 90°, 0 has the same properties which E 
had before turning it. This shews clearly that the two pen- 
cils have properties of the same kind with reference to two 
planes passing through their direction and moving with the 
crystal ; and that the two planes are at right angles to each 
other. If a plane passing through the direction of the pencil 
and the shorter diagonal of the rhombic face be called the 

* The reader will observe that the term Ordinary pencil does not signify 
that the p<?i)cil is similar in its ■[properties to common light, but merely that it 
is sulyect to the same laws of refraction as common light. 
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principal plane* of the crystal, then we may assert tliat tlie 
properties of the Ordinary ray possess the same relation to the 
principal plane, which the properties of the Extraordinary ray 
p.jssess to the plane at right angles to the principal ])laTic. 
This is commonly expressed thus: the Ordinary ray is 
izrd in the principal plane^ and the Extraordinary ray is 
pularized in a plane perpendicular to the pTincipal plane. 


95. There .are some crystals which possess the jrrojxniy 
id separating common light into an Ordinary and an .Exf-ra- 
ordinary pencil, and then absorbing one of them. Tlius cer- 
tain specimens of agate, and plates of tourmaline cut ])ara.llcl 
to the axis, allow the Extraordinary pencil to jxiss, a, ml 
nearly suppress the Ordinary. This however is only true 
when the plates have a certain thickness: for, when they are 
very thin, the Ordinary and Extraordinary pencils aiui scon 
to have equal intensities. Eut the method of cxliibiting 
polarized light which is most extensively used in experinunits 
is, to reflect common light from unsilvered glass or any other 
transparent substance, solid or fluid. It is found th at if the 
tangent of the angle of incidence is equal to the refractive 
index, the whole of the reflected light is polarized f in the 
same way as the Ordinary ray produced by the first rhoinbo- 
Iiedron of Iceland spar when its principal piano is para.llc.l to 
the plane of reflection from the uiisilvered glass, &c. For, if 
the second rhombqhedron be placed in that position to rciun vc 
the reflected ray (instead of receiving the ray from the iirst 
rhombohedron), an ordinary ray only is produced : if iu the 
position differing 90® from this, an extraordinary ray only 
is produced: which (92) is exactly the same effect as that 
produced by 0, the crystal having the position that liavc 
aesenbed. This is expressed by saying that tlui iHifhictcd 
light polarized m the plane of rejiectioifi. The angle of iiicu- 
dence which is proper for this is called the polarmmq angle, 
i he transmitted light, it is found, possesses in part the proper- 
ties oi the Extraordinary ray ; the principal plane of the crystal 


^is term ydll be used hereafter in a more general sense. 

^ t liiis was the discovery of Malus. It was important at the time aw calliTHr 

subject:' but all the phamoinena of 
^ perfectly weU without using this property of 
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with which we mentally compare it being still conceived to 
be parallel to tlie plane of reflection. For, if the second 
rhomb be placed in that position, the transmitted light pro- 
duces both an ordinary and an extraordinary ray, but the 
f;)riner is less bright than the latter. This is expressed by 
saying that the transmitted light is ^yartially polarized in 
the 'plane perpendicular to the plane of refection. If a great 
number of plates of unsilvered glass be placed together, the 
reflected light appears completely polarized in the plane of 
reflection, and the transmitted light appears completely po- 
larized in the plane perpendicular to the plane of reflection. 

96. We have here considered the test of polarization to 
be, the formation of onl}’' one ray when the light passes 
through a crystal of Iceland spar. But as the reflection from 
unsilvered glass at the polarizing angle gives properties ex- 
actly similar to those of the Ordinary ray of Iceland spar (the 
principal plane of the spar being conceived parallel to the 
plane of reflection), it may be conjectured that light polarized 
in the plane perpendicular to the plane of reflection, as it 
would not furnish any Ordinary ray with Iceland spar, will 
not furnish a reflected ray from unsilvered glass, but will be 
entirely transmitted. This is verified by experiment ; and 
thus we have an easy practical test of the polarization of light. 
If light incident at the polarizing angle on unsilvered glass is 
not susceptible of reflection, it is polarized in the plane per- 
pendicular to the plane of reflection. And if, on turning the 
glass round the incident ray without varying the inclination, 
the reflected light does not vanish in any position of the glass, 
the light is not polarized. In the same manner the polar- 
ization of a ray may be ascertained by examining the state 
of the emergent ray, after incidence on a plate of tourmaline ; 
if in any position of tlie tourmaline the emergent ray disap- 
])ears, the plane of polarization of the incident ray is parallel 
to the plane then passing through the ray and through the 
axis of the tourmaline. 

97. From this it will easily be inferred that if two such 
plates of tourmaline are placed with their axes at right angles 
to each other, no light can pass through them. For the light 
wliich is transmitted by the first is polarized in the plane per- 
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-.■r.iiedar to its axis, that is, in the plane of the axis of the 
- : xi : and tliereiore is not allowed to pass through the 
Ii one of the touimalines he turned, light is imme- 
d:.:in-lv seen T it increases till the axes of the tourmalines are 
!Oi:aliv-r in r:ie same manner if in fig. 24 he a plate or 
Icv-rLd para.Hel plates of unsilrered glass, and^ an imsilyered 
wiicse posterior surface is blackened, to prevent re- 
:ii:c:ion ihere . B being fixed on a block which turns round a 
s: indie at t' in the direction of AB: and if each of the glass 
-iirfaers make with AB an angle of about 33^.13 (the re- 
fmeriYe index of plate glass for mean rays being about 
= tan 47'; ; then on receiving the light of the clouds 
mi A in such a direction that the reflected light falls on B, 
and ! laeinr the eve to receive the light reflected tfom B, it 
i' semi tLaf when the planes of reflection coincide, or nearly 
I in d ie. a considerable quantity of light is reflected from B: 
a> the nlanes of reflection are inclined, less light is reflected ; 
an I w’nen 'as in the figure) they are perpendicular to each 
e ther, no light is reflected. This is strictly true only for the 
ii iim incident from A on B in direction of the line joining their 
cenrers : but it is nearly true for light making a smtill angle 
with this. It is strictly true also for light of only one colour 
di.ee the polarizing angle, which depends on the refractive 
index, is difierent for differently coloured rays), but if the 
angle be used it is nearly true for all. We shall fire- 
ru ntly allude to this apparatus : we shall then call A the 
; hn\ and B the analyzing plate. 

dS. Now in the experiment of (46) or (57), (fig. 14 and 
15 if a plate of tourmaline be placed in each of the pencils of 
liuht supposed to sian from G and jH, the plates of tourmaline 
bt:inq frcmi the same large plate which has been carefully 
w -rke i to uniform thickness, it is found that the existence of 
the inzi::e< of interference, depends entirely on the relative 
pviliioii c f the axes of the tourmaline plates. If both axes be 

• i cf rejection from an nnsilvered glass, transmission throngli a 

!. ..i:e or may be used. Still more convenient than a plate of tour- 

Id tilt “'XicoiS Prism/' a combination of two prisms cut out of a block 
L.i spar^ with edges parallel to the crystalline axis, and united with their 

f ■ ' caite directions, with an interposed transparent medium (Canada 

• ^ - sceh rtfractive hides that the Ordinary ray is totally reflected at its 

:ne Extraordinary ray is transmitted. See (llof&c. 
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parallel, whatever be their position, the fringes of interference 
are seen well, and the dark bars are perfectly black. If they 
are not parallel, the dark bars are not so black ; and if they 
are at right angles to each other, the fringes disappear en- 
tirely. It appears therefore that pencils of light polarized in 
planes at right angles to each other cannot interfere (that is 
cannot destroy each other) in circumstances in which pencils 
of common light or pencils of light polarized in the same 
plane, can destroy each other. 

99. From the experiments that w-e have described, the 
following general conclusions are drawn. 

(1) If from common light we produce, by any known 
contrivance, light that is polarized in one plane, 
there is always produced at the same time light 
more or less polarized in the plane perpendicular 
to the former, 

(2) Light polarized in one plane cannot be made to 
furnish light polarized in the perpendicular plane. 

(3) Light polarized in one plane cannot be destroyed by 
light polarized in the perpendicular plane. 

The first leads at once to the presumption that polariza- 
tion is not a modification or change of common light, but a 
resolution of it into two parts equally related to planes at 
right angles to each other ; and that the exhibition of a beam 
of polarized liglit requires the action of some peculiar forces 
(either those employed in producing ordinary reflection and 
refraction or those which produce crystalline double refrac- 
tion) which will enable the eye to perceive one of these parts 
without mixture of the other. This presumption is strongly 
supported by tlie phasnomena of partially-polarized light. If 
light falls upon a plate of glass inclined to the ray, the 
transmitted light, as we have seen, is partially polarized. If 
now a second plate of glass be placed in the path of the 
transmitted light, inclined at the same aiigle as the former 
plate, but with its plane of reflection at right angles to that of 
the former plate, the light which emerges from it has lost 
every trace of polarization ; whether it be examined only witli 
the analyzing plate B, or by the interposition of a plate of 
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- * manner to be explained hereafter (145). This 
on the supposition that the effect of the 
-* to diminish that part of the light which 

r>' one plane (without totally remoying it), and 
- ou tlie second plate is to diminish in the same 
' m part of the light which has respect to the other 
^ iCnreibre that, after emergence from the second 
-y , portions of light have the same proportion as 
i tn e .nsideriiig this presumption in conjunction with 
I and third conclusions, we easily arrive at this sim- 
:Lads exphiiniiig the whole: 

a consists of iindidat ions in ichich the vihra- 

. ' firtide are in the plane perpendicular to the 

< - :v! traces motion. The polarization of light is 
f... or the vibrations of each particle into two, one 
* ficen plane passing through the direction of the 

n' "oai tiiC other perpendicular to that plane; which 
that we shall not allude to at present), become in 
the (yrigin of waves that travel in different direc- 
(h a v'C are able to separate one of these from the 

< i; that the light of each is polarized. When the 
-i ration parallel to the plane is preserved unaltered, 
a i\rndicuiar to the plane is diminished in a given 
^ h i v-rsd^, and not separated from it, we say that 
h irtially polarized, 

.vdy who lias possessed himself fully of this hypo- 
il sno at once the connection between all the experi- 
'en above. 

For the general explanation of these experiments, 
.0 accurate investigation of most of the phenomena 
after described, it is indifferent whether we suppose 
rivos constituting polarized light to take place pa- 
th e plane of polarization, or perpendicular to it. 
mas OILS however, connected with the most profound 
ions* into the nature of crystalline separation and 
nature of reflection from glass, &c., and confirming 

... -T- . r. Las been discussed carefully, and witli some difference of 
Cauchy, Professor Stokes, and others. In the text, we 

tnPa of Fresnel and Stokes. 
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eacli otlier in a remarkable degree, tliat incline us to clioose 
tlie latter : and thus, 

WAen we say that light is polarized in a particulm' plane^ 
we mean that the vibration of every particle is perjpendicidar to 
that plane, 

Tims, in the undulation constituting the Ordinary ray of 
Iceland spar, the vibration of every particle is perpendicular 
to the principal plane of the crystal : in that constituting the 
Extraordinary ray, the vibration of every particle is parallel 
to the principal plane. When light falls upon unsilvered 
glass at the polarizing angle, the reflected wave is formed 
entirely by vibrations perpendicular to the plane of incidence : 
the transmitted wave is formed by some vibrations perpen- 
dicular to the plane of incidence, with an excess of vibrations 
parallel to the plane of incidence. 

101. The reader will perceive that it is absolutely ne- 
cessary to suppose, either that there are no vibrations in the 
direction of the wave’s motion, or tliat they make no impres- 
sion on the eye. For if there were such, there ought in the 
experiment of (98) to be visible fringes of interferences : of 
such however there is not the smallest trace. 

102. As we now suppose light generally to consist of 
two sets of vibrations which cannot interfere with each other, 
it becomes important to establish some measure of the in- 
tensity of the compound light. It seems that this cannot be 
any other than the sum of tlie intensities corresponding to 
the two sets of vibrations. So that if the displacement from 
one vibration be represented by a sin — a; + A), and that 
from the other by b ^\\\ {vt — x B) ^ the intensity of the 
mi.Ned light will be dd" + 1)\ This then is the expression 
which we ought in strictness to have used in our former in- 
vestigations. But as in all these (except those relating to 
reflection from j^lane glasses and lenses) the quantities a and 
b have in every part of the operation the same proportion, it 
is evident that the results, considered as giving the proportion 
of intensities of light, are in every instance correct. 

PliOP. 21. To explain on mechanical principles the trans- 
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■ f a iviv in the vibrations are transverse to 

:: :ri o: mention. 


I; 


w.. 


t:r. 2.J let tlie faint dots represent the original 
' rL^^^-irtieles of a medium, arranged regularly in 
. e;icn line bein^r at the distance h from the next. 
t;.e Tkirtieles in each vertical line disturbed ver- 
:ie same qiiantitv; the disturbances of different 
- Ik;:!u- different Let x be the horizontal ab- 
>*;Con:i row; x - li that of the iirst, and x-^h 
tidr l : let 2 /, and u he the corresponding dis- 
Tiiii ni jiions will depend upon the extent to 
'):.se the forces are sensible. Suppose the only 
. ibrees on A are sensible, to be 


L\ C, D, E, F, 







•s-i in the same line, as their atti-actions are equal 
site directions' : and suppose them to be attrac- 
tive inverse sauare of the distance : and the ab- 
f eacii = m. The whole force tending to pull A 


— 0 ! - ^ w hf — v) m (7i — 4- u) 

. ^ -r u— uf^ [K^ 4- (A “ w 4- uf\ ^ 
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jc -r \u — u ff [E 4“ (A — 4 - 


2 these fractions, and neglecting powers of 
ah - ve tlie iirst, the force tending to diminish u is 


:r 'i , 
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ive find 

/ 1 \m d'^u * 

df \ 2 V h ‘ dx'^ 

an equation of exactly tlie same form as that for the trans- 
mission of sound (10). The solution therefore has the same 
form : and therefore the transversal motion of particles sup- 


* If 7i is so large with regard to the length of a wave that the terms after 
h? cannot be safely neglected, we may, by assuming a form for the function 
expressing u, integrate the equation 


d^u f ^ 1 \ m „ 

If, as we usually suppose, 

w=A sin ('y^-£c)| , 

Ui + u'=A sin (rJ-a:+7i)| 

4 - A sm j r~ (vt - x-k) I , 

( A ) 

1 


^ . 27r7i 

= 2A . cos -^r— . sin 
A 


lx 

TrJi 


and 2u-u^- u'— iA . sin- . sin j -- - {vi - a>) [ ; 


and by substitution, the equation becomes 
47rV 


sin- - 


-(-?)■ 


Tr/t 


whence 


\ ' 

m ttIi 

■y" • .J ? j) Sin » , 
k 'IT- /t- A 

. Trh 

H 

irk 

~Y 


This expression increases as X increases ; that is, undulations consisting of long 
waves travel with greater velocity than those consisting of short waves. Thus 
the different refrangibility of differently coloured rays is accounted for. See 
Article 38. For other modifications of this theory, and their comparison with 
the observed indices of ; refraction of different rays in different media, the 
reader is referred to Professor Powell’s treatise On the Undulatory Theory a& 
ax^ylicd to the exjplanation of unequal refranyihility. 
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f 7. tlie same law as tlie direct motion of the 
a‘r : tLa: is, it follows the law of undulation. 


Ir 'j-ms probable that if we had supposed any 
f .: ;irrariu.‘ement, or taken any other law of force, 
c *11 would have been obtained. And if we 

e urrancrenient symmetrical with respect to certain 
.. • ::: d: til- rent in distance of particles, &c. in dit- 
e:i rs as for instance if we suppose every eight 
iiriieles to be at the angles of a parallelopiped as 
. ti.en for vibrations of the particles in different 

the n:rJr:pIier of will be different, and conse- 


T f' ciry of t:*ansmissIon of the wave (which is 
r : of :h:* multiplier) will be different. And tlie 
: :w j waves may be different even wdien they are. 
:e same direction, provided that one of these waves 
"ilyoiti ns in one direction, and the other of vibra- 
nrther direction, as if for instance in fig. 26 the 
f b ‘til waves w^ere perpendicular to the paper, but 
r.f vibrations were in the direction up and dowm, 
b ■ r in the direction right and left. For the force 
: the particles act on each other depends on the 
the particles in the direction of the waves’ motion, 
:r •h-tane.e in the direction of the particles’ vibra- 
n the ea-e supposed, the latter element is different 
waves, though the former is the same. 


b p. If the displacement of a particle, considered as in 
ary, iproet. -n, be resolved into three displacements in the 
d:r w: !w f the variations of force in those directions 

pr u. r:y t..e alteration of a single particle (and conse- 
-7 V;' b whole system) are the 

same as :t aispiacements in those directions had been 
maJe m l-rr*:;!: ,:-rrly.^ ^From this it easily follows that the 
sum ':ippny rura oer ot displacements causes forces equal to the 
surn v! t:.e : trees c : rresponding to the separate displacements: 
arutaem by thc^ reasoning in (10) ami (Ip, any number of 
‘ ‘ I rja icea by vibrations in different directions, 
mwv . ---xw: without disturbing each other. 

I’.. . P. 22. To explam the separation of common light into 
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two pencils hj doubly-refracting crystals : and to account for 
the polarization of the two rays in planes at right angles to 
each other. 


106. We shall assume for the state of the particles of 
ether within a crystal, an arrangement similar to that de- 
scribed in (104), or at least possessing this property, that there 
are tliree directions^* at right angles to each otlier, in which 
if a particle be disturbed, the resultant of the forces acting 
on it will tend to move it back in the same line in which 
the displacement is produced. These lines we suppose to 
be parallel to some lines determined by the form of the 
crystal. 


107. Now in general the displacementt of a particle or 
a series of particles will not produce a force whose direction 
coincides with the line of displacement. For suppose the 
disturbance in the direction of x to be X; that in the direc- 
tion of y to be Y\ and suppose the corresponding forces to be 
d^X and V Y, The tangent of the angle made by the resultant 

1)^ Y 

force with the axis of x is : but the tangent of the 


angle made by the direction of displacement with the axis 

of X is "Y* til esc are different if and are different. 

In the same manner if we supposed a displacement Z in the 
direction of ;s, and if it produced a force the tangents of 
the angles, made by the projection of the resultant’s direction 


* M. Fresnel has cleinonatrated tliat this must he the case when the small 
displacement of a particle in the direction of any one of the co-ordinates pro- 
duces forces in the direction of all, represented by multiples of that displace- 
inent. This is apparently the most general supposition that can he made. 
Mcmoircs de Vlmtltat, 1824. See also GrifRn’s Theory of Double liefraclion. 

t VVe have spoken here of dinpLacements as if the lorces concerned in the 
transniissi<''n of a wave were thus jDut in jilay by ab.wlute displacements. It is 
however plain from (108) that the forces on A really put in play are produced 
by relative displacements : but it is evident that these forces arc the same as 
those that would be put in play by the absolute displacement 

_ _ dh.b 

In like manner, when the direction of displacement is any whatever, the quan- 
tity 4 (2 It - u' - u) in its proper direction may be resolved into the direction of 
the co-ordinates, and the forces really acting on A will bo the forces corre- 
sponding to these spaces considered as absolute displacements. 
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on tlie planes of xz and yz with the axis of 2 :, would be -~ 


VY 


c^Z 


and : while those made by the projection of the line of 

X Y 

displacement would be ^ and . 


103. Now suppose that, in fig. 26, MN is the front of a 
wave : or by the definition of (20) and the assumptions of 
(99) and (101), all the particles in the plane of which MN 
is the projection are moving with equal motions in that plane. 
In general the force which acts on these particles in conse- 
quence of their displacement, is not in the direction of the 
displacement, and is not even in the plane ilfiV. Eesolve it 
into two, one perpendicular to the plane and one parallel to it. 
The former of these may be neglected, because it can only 
produce a motion which, by (101), is not sensible to the eye. 
The latter, though in the plane, will not generally be in the 
direction of the displacement. It is impossible then to find 
what motions will be caused by this displacement without 
resolving it. If we can resolve it into two, such that the 
force produced by each displacement is in the direction of 
that displacement, then we can find for each of these separately 
the motions that will result from it. It is clear now that we 
have fallen on a case exactly similar to that of (104), and 
the conclusion is the same, namely, that there will be two 
series of waves travelling with different velocities. 


109. Now in (34) we have found that the refraction in 
a transparent medium depends on the velocity of the wave 
within that medium. Consequently the refraction of the two 
series of waves will be different ; and thus is explained the 
bifurcation of the ray, when common light is incident on 
a surface of the crystal. And each of these consists of vibra- 
tions parallel to one line, that is, by (99), of polarized light: 
and, as will appear by subsequent investigations, the lines of 
vibration are perpendicular to each other, and therefore the 
planes of polarization (which are perpendicular to the lines of 
vibration) are perpendicular to each other. This explanation 
may be considered as the most important step in Physical 
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Science since tlie establishment of the law of gravitation by 
Newton. 

Prop. 23. To investigate the law of double refraction in 
uniaxal crystals. 

110. By uniaxal crystals we mean those in which 
while d is not equal to a^. The investigation, it is seen 
from (108) and (109), reduces itself to these two things; the 
discovery of those directions of displacement in the plane of 
a wave in which the resolved part of the force parallel to 
the plane is in the same direction as the displacement, and 
the investigation of the velocity of transmission for waves 
whose vibrations are in those directions. Now the force, 
])rocluced by a displacement in any direction parallel to the 
])lane of xy, is in the same direction as the displacement : and 
therefore it is indifferent what line in the plane of xy we take 
lor X. Let x then be perpendicular to the intersection of the 
front of the wave with the plane xy. In fig. 27, let MNhe 
the projection on the paper of the front of the wave (supposed 
perpendicular to the paper), AM the axis of AN the axis 
of wliicli we shall call the axis^’"' of the crystal : 6 the 
angle made by the front of the wave with the plane of xy. 
Tlien it is plain, from the symmetry of the forces with respect 
to r:;, that a displacement parallel to the line MN will cause 
a force whose resolved part parallel to the plane MN is in 
the line MN\ and that a displacement in the ])lane MN per- 
pendicular to the line MN will cause a force also perpen- 
dicular to MN The vibration then of the wave incident on 
the crystal must be resolved into two vibrations parallel to 
these, and these vibrations, as in* (108), will produce two 
rays that will travel with di&rent velocities. 

111. Now the force put in play by a displacement per- 
pendicular to the paper is represented by x displacement. 
Consequently the wave depending on these vibrations moves 
with tlie velocity a whatever be the position of the front 
of the wave. Tliis is the same law as that assumed in (34) 

* Tills always coincides with the mineralogical axis of the crystal. Thus 
in Iceland spar it is in the solid angle included by three obtuse angles of the 
plands of cleavage, and makes equal angles^ with them ; in quartz, tourmaline, 
beryl, &c. it is the axis of the prism. 
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for common refracting media, and the resulting law of re- 
fraction is therefore the same. Let any plane passing tlirougli 
tlie axis of z or the axis of the crystal be called 2 . j)TmGipal 
plane of the crystal ; then this conclusion may be stated thus : 
the waves consisting of vibrations perpendicular to a prin- 
cipal plane of the crystal are refracted according to tlic 
ordinary law of refraction. This accounts for the refraction 
and polarization of the ordinary ray. 

112. For the displacement in the plane of the paper: 
])iittlng i) for that displacement, it may be resolved into 
1) cos 0 parallel to a, and I) sin B parallel to .t?. Tlie result- 
ing forces will be represented by cdDcos^ parallel to x and 
(f J) sin 6 parallel to ; and the sura of the resolved parts of 
these parallel to MN is represented by 

D (a“ cos^ 6 + siir (9). 

The velocity of transmission of the wave perpendicular to its 
own front is therefore 

V (a“ cos^ B-\-(? sin^ B ) . 

This is not the same in all directions; and hence the waves 
consisting of vibrations parallel to a principal plane of the 
crystal are not refracted according to the ordinary lave. 

113. If now the front of a wave produced by such vibra- 
tions have at any time the form PQIt, hg. 28, tlie form of the 
iroiit at a succeeding time will be determined by taking Pp per- 
pendicular to the surface at P and proportional to the value of 

cos^ B sin^ B) there ; 

Qq perpendicular to the surface at Q and having the same 
proportion to the value of 

V (a® COS' B + sin^ B) there ; &c. 

If the wave were produced originally by an agitation at (7, all 
the successive fronts must be similar ; and if v^e take points 
of all where their tangents are parallel, that is, points along a 
radius CQ, the perpendicular distance of each front from the 
next is proportional to 

V cos^ ^ + c' sin^ B ) , 
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and tlierefore the sum of all, which is the same as the perpen- 
dicular on the tangent at Q, must be proportional to 

cos‘^ 0 sin^ 9). 

Therefore, to find the form of an extraordinary wave diverging 
from a point, we must solve this problem : To find the curve 
where the perpendicular on the tangent is proportional to 

V cos^ ^ -f c“ sin^ 0), 

6 being the angle made by the tangent with the axis of x. It 
is well known that this is an ellipse, whose axes in the direc- 
tions of .■:? and x are in the proportion of a : c. Consequently, 
to discover the path of the extraordinary ray, we must suppose 
the waves produced by vibrations parallel to a principal plane 
to diverge in the form of a spheroid of revolution round a line 
parallel to the axis of .’j, and must suppose the semi-axes of the 
spheroid parallel and perpendicular to ^ to be represented by 
a and c : and must then proceed as for common light. The 
radius of the sphere into which the ordinary wave has di- 
verged must at tlie same time be represented by a. 

114. It is easily seen that the motion of an extraordi- 
nary wave in the crystal is not generally perpendicular to its 
front. For let AB, fig. 29, be an aperture through wliicli a, 
small part of an extraordinary wave passes : CB a line par- 
allel to the axis of the crystal. Consider Aj c, &c. as 
the origins of equal spheroidal waves, the axes of the waves 
being parallel to CD, It is plain that the part between E 
and F is the only place in which the waves strengthc]! eacli 
other, as at all points on both sides of this they precede or 
follow each other by different quantities, and therefore mutu- 
ally destroy each otlicr, while between E and F tlie neigh- 
bouring waves meet in nearly the same phase. 4.4ie wave 
therefore will seem to travel from AB to EF. Tlie general 
rule therefore is this; describe a spheroid whose axis is 
parallel to the axis of the crystal, and find the point of its 
surface where the tangent plane is parallel to the front of 
the wave; then the motion of the wave is parallel to the 
radius of that point. 

115. The general construction for determining the path 
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of botli rays is this. In fig. 30, let the plane of the paper 
he the plane of incidence, BA the projection of the surface of 
the crystal, AB the front of a wave moving in the direction 
AA. Let CD he the axis of the crystal, not necessarily in 
the plane of the paper. While a part of the wave moves 
in vacuum from ^ to A\ suppose that the ordinary wave 
diverging from B will spread into the sphere ih, and tlie 
extraordinary wave into the spheroid Fe (whose axis of revo- 
lution = diameter of sphere). Through the line, of which A 
is the projection, draw a plane touching the sphere in o; 
this plane is the front of the ordinary wave, and Bo repre- 
sents the direction and velocity of its motion. Through the 
same line draw a plane touching the spheroid in e ; this plane 
is the front of the extraordinary wave, and Be represents 
the direction and velocity of its motion. If the axis of tlie 
spheroid does not lie in the plane of the paper, and is not 
perpendicular to the plane of the paper, the point e will not 
he in the plane of the paper : ancl thus the direction of the 
extraordinary ray will not lie in the plane of incidence. 
The demonstration of this construction is exactly similar to 
that of (34). 

The course of an extraordinary ray after internal reflection 
is to he found in a mann(^i.' analogous to tliat of (32). Thus 
in fig. 30, suppose that the extraordinary wave wliose front is 
Ae moves in the direction AG and is wholly or partially 
reflected at the surface GH. When the part A has arrived 
at G, suppose the part e to he at I on its way to II. Then 
when I reaches //, the small wave caused hy the distiirhance 
at G will have extended into a splieroid similar and c([ual to 
that whieh must he described from the center I to pass 
through H, Let KII he this spheroid (the axis being always 
parallel to CD)^ andLili" the spheroid equal to it whose center 
is G : let IIL he the tangent plane passing through the line 
projected in II. Then, as in (32), IIL is the front of the 
reflected wave, and, as above, GL is the direction of the 
reflected ray. Here the angle of reflection is not generally 
equal to the angle of incidence, and tlie angles of incidence 
and reflection are not generally in the same plane. 

116. If we consider the extent of refraction to he deter- 
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mined bj tlie change in the position of the front of the wave 
(which is sometimes the most convenient way), and if the 
spheroid be oblate, as it is for Iceland spar, beryl, tourmaline, 
&c., the extraordinary ray is always less refracted than the 
ordinary ray, since in fig. 30 the spheroid includes the sphere. 
If the spheroid be prolate, as in quartz, uniaxal apoph yllite, 
&c. the extraordinary ray is always more refracted than the 
ordinary ray. The normal to the front of the wave is always 
in the plane of incidence. 

117. A compound prism which produces great angular 
separation of tlie two rays is thus constructed. Let a prism 
A be cut from Iceland spar with its edge parallel to the axis, 
and another prism of equal angle with its edge perpen- 
dicular to the axis, and let them be placed as in fig. 31. 
The vibrations parallel to the plane of the paper will furnish 
the ordinary ray of A and the extraordinary ray of that 
is, this wave will be most refracted by A towards G, and 
least by i? towards I), and it will therefore on the whole pass 
towards C. In a similar manner, the wave produced by 
vibrations perpendicular to the paper will be least refracted 
by A towards G, and most refracted by J5 towards j 9, and 
it will therefore on the whole pass towards i>. If the prisms 
be cut from quartz, the separation is in the opposite di- 
rection; it is smaller also, as the prolate spheroid of quartz 
differs less from a sphere than the oblate spheroid of Ice- 
land spar. 

Prop. 24. To investigate the law of double refraction in 
biaxal crystals. 

118. By Maxell crystals arc meant those in which c“, 
are all different. Our limits will not allow us to go through 
the whole of this investigation, and shall merely give the 
principal steps,' referring for details to X\\q Memoir es de V In- 
stitute 1824; the Annales de Ghimiee 1828; tlie Garihridye 
Transactionse VoL VI. p. 85 ; and Mr Griffin’s Theory of 
Douhle Refraction ; and generally to the Memoirs of the prin- 
cipal scientific societies, especially those of the Eoyal Irish 
Academy, to the Gamhridge Mathematical Journal^ and to the 
Rhilosojddcal Magazine. 
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110 The fir^t thin? to he done, as in (108), is to find 

two direerioiis in^he fr^nt of a plane wave in which a dis- 
phiceiiieiit produces a force in the same direction, neglecting 
tha- f u’ce which is perpendicular to the front As we shall 
oiilv have to calculate the forces in the directions possessing 
this 111 *' * pert V, we shall at once resolve the whole foice of 
disnlacciiicnt into tw'o, one parallel to the direction of dis- 
piaceiiient, the other perpendicular to it (not necessarily 
(lerpeiidiciilar to the front of the wave), and shall neglect 
the latter. If the direction of displacement malve angles 
Ah r, Z ivitii the axes of a?, y, this resolved force, as 
in (111), is 

displacement x (or cos“X + cos^ Y + c" cos^ Z). 

Construct a surface' of which the latter factor is the radius, 
w’hich we shall call the surface of elasticity; it is easily seen 
that the radius is the squared reciprocal of the radius in the 

ellipsoid whose axes are - , t ? “ • 

" a 0 c 

120. 3Iake a section hy the plane front of the wave 
tlirough tlie center of this surface; the radius vector of the 
section w*iil be the square of the reciprocal of the radius 
vector ill the corresponding section of the ellipsoid, that is in 
an ellipse; and this section of the surface of elasticity will 
rlicreibre be a curve symmetrical wdth respect to its greatest 
and least diameters, which are at right angles. 

121. The radius vector of this section in any direction 
represents the resolved part, in that direction, of the force 
produced by displacement in that direction, the neglected 
part being perpendicular to that direction and not necessarily 
perpendicular to the front of the "wave. If now we examine 
the direction of displactoent in which the neglected part is 
perpendicular to the front of the wave, it is found that the 
greatest and least diameters .above alluded to are the only 
ones which satisfy this condition. Consequently the vibra- 
tions must be resolved into two, parallel respectively to these 
diameters ; and these will produce the two waves. Tlieir ' 
vc^locities will be represented by the square roots of the values 
ot those semi-diameters. 
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122. In two positions of tlie front of tlie wave, and no 
more, the section becomes a circle. Whatever then is the 
direction of vibration in that front, the velocitj of trans- 
mission is the same, and there is no separation of fronts of 
waves, though there may be separation into two or many 
rays. The two lines perpendicular to these circles are called 
the o]jtic axes. 

123. The difference between the squares of the velocities 
of the two waves is proportional to the product of the sines 
of the two angles made by the front of the wave with the 
two circular sections, or to the product of the sines of the 
angles made by the normal to the front with the two optic 
axes. 


124. The plane of polarization of one ray bisects the 
angle made by the two planes which pass through the normal 
and the two optic axes : and the plane of polarization of the 
other is perpendicular to it. This is easily shewn thus: 
where the front of the wave cuts the two circular sections, 
the radii in the section by the front must be equal to the 
radii of the circles, and. therefore must be equal to each other, 
and therefore must make equal angles on both sides of the 
longest or shortest diameter: and therefore if the planes be 
})rojected on a sphere concentric with the surface of elasticity, 
the point which is the projection of the longest or shortest 
diameter will bisect one side of the spherical triangle. Con- 
struct the spherical triangle whose angles are the poles of 
those sides : then the circle drawn from the bisection to the 
pole of that side (which is the projection of one plane of 
vibration) will bisect the angle made by the sides joining 
that pole, or the pole of the front, with the optic axes, inas- 
much as those sides are equally inclined to the quadrants 
joining that pole with the two angles of the first triangle 
where the front of the wave meets the circular sections. 

125. The form into which the wave must he supposed to 
diverge is determined as in (113), by finding the forms of the 
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exriressins the two surfaces (which are in fact one continuous 

snriace’ is 

-!- / + («V + hY -f cV) - + <?) ^ 

— It {or + ^“) 4 " ci"Vc“ == 0 . 

Tliis cannot 136 resolyed into factors, and therefore cannot 
express a sphere and any other surface, as in (111) and (113). 
C'-nsequently neither of the rays is subject to the law of 
ordinarv leiraction. This conclusion might also have been 
drawn *from the observation that neither of the velocities 
ibimd in (1*21) is constant. The direction, &c. of the two 
ravs when light is incident on a surface of the crystal are 
tolled exactly as in (114), using the surface above mentioned 
instead of the sphere and spheroid, and finding the two posi- 
tions of the tangent plane passing through the line projected 
in A, fig. 30. 

The properties of this wave-surface are however so im- 
portant, and one of the deductions from them so singular, 
that we shall devote some subordinate articles to a statement 
of them, referring for complete discussion to the Tra7isacti07i$ 
of ike Eoyal Irish Academy^ Vol. XVII. 

123 (a). If in the equation above we make ^ = 0, we find 
for the section in the plane of xy 

[jf -a If) idj? + h~f) — c' \cdx^ -h Vf) — (ElE (cc®-}- 7f) + = 0 ; 

or [x- -P — c®) (a^a:® -P — Elf) = 0. 

Tiiat is, the curve of intersection of the plane of xy witli the 
surface is in fact two separate curves: one a circle whose 
radius is e, the other an ellipse whose semi-axes are a and &. 
In like manner, the curves of intersection with yz will be, 
a circle wdiose radius is a, and an ellipse whose semi-axes 
are and c: and the curves of intersection with xz will be, 
a circle whose radius is 3, and an ellipse whose semi- axes 
are a and c. 

125 (^). Suppose now that a is greater than 6, and I 
greater than c. Then, on the plane yz, the circle of radius a 
viii completely inclose wdtliout touching the ellipse of semi- 
axes h and c : and, on the plane xy, the ellipse of semi-axes 
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a and h will completely inclose witlioiit toucliiiig tlie circle of 
radius c. But on the plane xz^ the ellipse of semi-axes a and 
c will cut the circle of radius h at four points. . These propo- 
sitions are due to Fresnel. 

125 (c). When the nature of the wave-surface is ex- 
amined with particular reference to these four points (which 
was first done by Sir W. B. Hamilton) it is found that, as 
viewed from the outside, there are four conical depressions ; 
and, as viewed from the inside or center, there are four cones 
projecting towards the outside. Tiie surface, in fact, consists 
of two quasi-ellipsoidal sheets or surfaces, one completely in- 
closed within the other; but at these four points, the inner 
surface is drawn outwards, and the outer surface drawn in- 
wards, so as to establish a connexion between the two sur- 
faces. 

125 {d). On examining the nature of the ring (very 
nearly circular) which forms the external base of any one of 
the depressed cones, it is found tliat it is in one plane : that, 
in fact, at that part, a tangent-plane touches the external sur- 
face in a ring ; and that the plane of the ring and tangent is 
parallel to one of the circular sections in (122). 

125 ie), Remarking then the construction for determining 
the course of a refracted ray in ( 114 ) and ( 115 ), it will be 
seen that, if a wave of light enter the crystal with its front 
normal to the optic axis, or parallel to the circular sections of 
the surface of elasticity (122), or parallel to the tangent-plane 
of the conical depression; its front will continue parallel to 
that tangent-plane ; and the direction of the ray will be tlie 
direction of a line from the center of the wave-surface to some 
point of the tangent-ring. At first, there appears to be no 
reason why the course of the ray should select one point of 
the ring rather than another; this is determined by the fol- 
lowing consideration. 

125 (/). A construction similar to that of ( 124 ) deter- 
mines the plane of polarization of the ray. It seems that'*'’, 

* For a ray which falls exarihj in any part of the rince, the wave-front is 
exciethf normal to the optic axis. But for a ray which falls by the imiulleH 
quantity external (for instance) to tlio ring, the front of the wave is inclined as 
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ill tins case, (in wliicli tlie construction of (124) fails), tlie 
]>laiie of polarization is thus determined: Draw one plane 
tlirougli the ray and through one optic axis, and draw an- 
other plane through the ray and through the other optic axis; 
and the plane of polarization bisects the angle formed by 
these two planes. To one plane of polarization thus deter- 
mined, there corresponds only one ray. Consequently, if 
polarized light be incident, only one ray is formed: but if 
common light be incident (which, not improbably, consists 
of successive series of waves polarized in every conceivable 
plane), rays will be formed directed to every point of the ring, 
each ray having the polarization proper to its point of the 
ring; and a conical sheet of light will be formed witliin the 
crystal. On emerging at a plane surface parallel to the sur- 
face of entrance, the emergent rays will be parallel to the 
first incident ray ; and a cylindrical sheet of light will be 
formed in air, still preserving in every part its peculiar polar- 
ization. 

125 {g). This very singular result of the theory of undu- 
lations has been verified by Dr H. Lloyd, as regards both 
the distribution of light and its polarization. And the agree- 
ment of tlie prediction and the observation is undoubtedly 
one of the most remarkable proofs of the general correctness 
of the considerations by which the laws of double refraction 
are determined. 

1 25 [h). If a ray of light, consisting of light polarized in 
different planes, he made to pass through the crystal in lhc 
direction of the line from the center of the wave-surface to the 
vertex of the cones (which will he done by pevrnitling liglit 
from all directions to fall upon the crystal, and liinitiug its 
course through the crystal by plates with very small holes on 
its opposite sides), each differently polarized beam will rc- 


frora the center of the ring. Applying this consideration to tlio construction 
of (124) ; and remarking that the intersection of the front of the wave with the 
nearest circular section will be determineil by bisecting the space between those 
two intersections ; it is easily seen that the rotation of the plane of polarization, 
is half as rapid as the rotation of the intersection with the near circular section ; 
tliat is, half as rapid as the revolution of the ray round the ring. This amounts 
nearly to the construction, in the text. 
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celve a different refraction at the second surface, and an ex- 
ternal conical sheet of light will he formed. This also is 
verified hy experiment. 

'^125. Before leaving this investigation we must remark 
that this theory is imperfect in the same degree as the ex- 
planation of refraction. In every uniaxal crystal, we believe, 
the axis is the same for all the colours, but the ratio of a to c 
is not the same for different colours. In biaxal crystals gene- 
rally the direction of the three axes is the same for different 
colours, but the ratio oi a, b, c, is not the same, and con- 
sequently the position of the optic axes (122) is not the same 
for different colours, though the optic axes for all colours are 
in the same plane. And it has been discovered by Sir John 
llcrschel that the direction of the three axes is in some in- 
stances different for different colour’s, and then the optic axes 
for different colours are not all in the same plane. 

JProp. 25. Light polarized in the plane of incidence falls 
on a refracting surface of glass, &c. : to find the intensity of 
the reflected and the refracted ray. 

126. The three next investigations which we offer to the 
reader cannot be considered as wholly satisfactory. The ex- 
treme difficulty of mathematical investigation into the state of 
particles at the confines of two media prevents us from mak- 
ing them more complete. It is however gratifying to know 
that they are fully supported by experiment, and that they 
liave given a law to phenomena, of which some appeared in- 
explicable, and others would never have been reduced to laws 
by observation alone. 

127, Suppose that the particles of ether, retaining tlic 
same attractive forcet, are in the inside of glass, &c. loaded 
with some matter which increases their inertia in the ratio 
of 1 : without increasing their attraction. The equation of 
(103) would be changed to this ; 

_ 1 A 1 \ 

df V 2V * A * ” 

i* Perhaps this supposition is hardly recoiicileable with that made in the 
last proposition. 
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If the solution before viere u = (j> {vt — x) , the solution would 

now be 

11= ^ {vt--x ^^n). 

The velocitT of transmission is diminished therefore in the 
ratio of \ : 1. But we have supposed that the velocity 

is diminished in the ratio of fi : 1. Consequently n = 


12S. Xow suppose that we have a series of equal quanti- 
ties of the ether in a line, and that a transverse motion is 
given to the first, which, from the constitution described iu 
103 it has the power of transmitting to the second, &c. 
When we arrive at the surface of the glass, we must take 
volumes of the denser ether, whose dimensions are determined 
in the direction of the transmission of the wmve by lengths 
pn>portional to the velocity of transmission, and in the other 
directions by their correspondence with the quantity of ether 

which puts them in motion. Thus in fig. 32, if , 

the ether in ABDC may be considered as putting CDFEiu 
motion. Put / for the angle of incidence, % for that of refrac- 
tion. The proportion of the lengths in the direction of the 
ray is : 1, or sin i : sin x. The proportion .of the breadths 
is cos i : cos %, The proportion of densities is 1 : or 

siii" i : sin” i. Combining these proportions, the proportion of 
the masses is 

sin X . cos i : sin x . cos x . 


Xow if an elastic body impinges on an equal elastic body, it 
loses its own velocity and communicates to the other a velo- 
city equal to its own: this is similar to the action of one mass 


ot me ether in vacuum on the next Supposing the simila- 
Tiijoi action to apply to the different states of ether at the 
confines at the medium, we must compare this with the mo- 
tion qi two unequal elastic bodies^ and 5 after the impact of 
A with the velocity V on JB originally at rest It is known 

tnat A retains the velocity ^ F, and that B receives the 


A-hB 


K Snhstituting for A, sin x\ cos x\ and for B, 
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sin ^ . cos {\ we find for tlie motion retained fiy tlie external 


ether, 


sin {{' — i) 
sin (^' + i) 


X its previous motion ; and for that commu- 


nicated to the internal ether. 


2 sin i . cos { 


X previous motion of 


sin {t + 1 ) 

external ether. Now by a succession of numerous impulses of 
this kind, following a given law, a series of waves with any 
law of displacement may be produced : and every impulse 
produces parts in the two media having the proportions given 
above. If then the original displacement be represented by 


a sin 



that retained by the external ether, and which produces the 
reflected ray, must be 


sin — f) 

a 

sin {t + ^) 


sin 



and that transmitted to the internal ether, and which produces 
the refracted ray, must be 

2 sin i . cos f . (27r . J 

a — ^ — sin - — [vt —fjLx) l . 

sin (^ -f 'i) [X ^ ^ 

These formula apply equally to refraction from air into glass, 
and from glass into air, giving f and i/ their proper values. 
The intensities of the rays will be represented by the squares 
of the coefficients. 


Prop. 26 . Light polarized perpendicular to the plane of 
incidence falls on a refracting surface: to find the intensity of 
tlie reflected and the refracted ray. 

129. We cannot here use the same kind of reasoning as 
in ( 128 ), because the motion of displacement (being in tlie 
plane of incidence and perpendicular to the patli of the ray) is 
not in the same direction for any two of the three rays. To 
overcome this difficulty, M. Fresnel has adopted the following 
hypotheses. First he supposes tliat the law of vis viva holds: 
that is, that the sum of the products of each mass by the square 
of its velocity is constant. (This is certainly true if as in 
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T.-ia-sos fire supposed to act nearly as elastic bodies. 
a" - in aifcases of meclianical action it is equal to the sum of 
.p' ■.'^C'^rals of j'OTCt x spo-cG tliTOU^li winch 'it li(xs cict&d^ 

v.-i -oiris constant in all the cases of undulation that we can 
"-■■ictiv exaaiiiie. and is probably constant in this.) Next he 
.^nv'ok-s til fit tlie resolved parts of the motion perpendicular 
lii 'n-e retracting surface will preserve after leaving the surface 
* j^nte relation which they have theiCj and vthichj if they 
f'ilow tiie same laws as those of the impact of elastic bodies, 
v.-.:;uld be thus connected: the relative motions before and 
inter inmact will be equal in magnitude but opposite in sign. 
Tiii-s is confessed by M. Fresnel to be purely empirical.) 
A-i'-t-tiiis these hypotheses, and considering the masses to 

SJ'J us 

sin {* . cos ^ : sin i . cos i ] 

and representing the displacements in the incident, refracted, 
and refected ray, (estimated positive in that direction per- 
nendienlar to their respective rays which is nearest to that 
of a body falling perpendicularly from vacuum on the re- 
friictirni’ surface,) by c] we have the following equa- 

sill i . CDS i. or — sin i . cos % . W + sin % . cos i . 6^ 
a cos i = h cos i' -h c cos i. 

Edndnating 5, 

idii 2/ ' -r sin 2f) c‘ — 2 sin 2f . ac — (sin 2f ' — sin 2z*) a“ = 0, 
or e - di -[ bin -p sin 2f) c + (sin 2f ' — sin 2f ) a} = 0. 

This eepiation is satisfied by c=a: but that would give 
h = 0 . and therefore expresses only total reflection, which 
wruid resniire exactly the same mathematical conditions as 
I'll $e taat we have used, but would not correspond to the 
jdivsical circumstances of the problem now before us. The 
t tiler IS the only solution which we want : it gives 

tan (t — {) 

and 5 = 

COS ^ tan (^^ -f- 



POLAEIZATION BY REFLECTION FROM GLASS. Ill 


Hence if the displacement produced Iby the incident wave is 


a sin 


{vt — x) 


that produced by the reflected wave is 


tan ii' — {) , 
— Cb 7-r; ^ Sm 


tan [i' H- i) 
and that by the refracted wave is 
cos ?; f tan {if — {) 


cos i 


1 + 


tan {%' + ^) 


f27r , , ] 

Sill ' — {vt — fix) ' . 

I ^ J 


130. One of the most remarkable inferences from this 
expression is obtained by making i' + i = 90^. The displace- 
ment produced by the reflected wave is then = 0. Suppose 
now light consisting of transversal vibrations in all directions 
to be incident at this angle on a surface of glass. Kcsolve 
the vibrations into two sets, one parallel to the plane of in- 
cidence and the other perpendicular to it. The former (as 
we have just seen) will furnish no reflected ray: the latter, 
by ( 128 ), will produce a reflected ray. Consequently tlie 
reflected light will consist solely of vibrations perpendicular 
to the plane of reflection. The condition i' q- % = 90 gives 

sin i = cos or = cos % whence tan 1 = ft: 

H' 

which ( 95 ) defines tlie polarizing angle. Tlius the angle of 
incidence at wliich, according to theory, the vibrations of tlu’. 
reflected ray are entirely perpendicular to the plane of in- 
cidence, is the same as the angle at whicli, in experiment, 
the reflected ray is entirely polarized in the plane of inci- 
dence. And we have found from theory in (111) that the 
ray of a uniaxal crystal which undergoes the ordinary refrac- 
tion, and whicli ( 94 ) is said to be polarized in the princi})al 
plane, is produced by vibrations perpendicular to the prin- 
cipal plane. These are two reasons which induce us to say, 
as in (100), that light polarized .in a particular plane consists 
of vibrations perpendicular to that plane. 

131. Another remarkable inference is this. If the two 
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^ *1 

.-:;r:a:*e 5 of a glass plate are parallel, z and z' at tlie second 
s::rraee are ilie^ same as z and z at the first. Consequently, 
if :::e lidit reflected from the first surface is polarized, or if 
ar'” the first surface = 90®, f-f f' at the second surface 
ais 3 =9<J , and therefore the light reflected internally from 
t:r: sec:iid surface is also polarized. This is true in experi- 


3Liny investigations applying to these problems are to he 
f::n:d in tlie Cambridge Transactions and other Transactions^ 
the TkihsopJiical Magazine^ and the Comptes Itendus of the 
Frencii Academy. 

Peop. 27. Light polarized in a plane inclined by the 
ancr.e a to the plane of incidence falls on the surface of a 
'■.rhietine' medium: to find the position of the plane of j)olar- 
ization of the reflected light 


j :>2. The displacement of a particle of ether before inci- 


may be represented by 


a sin {pt — a:)| 

*:i the direction making with the plane of incidence an angle 

,nj'' — aA 

•.nd this may be resolved into 


. f27r . 

G cos a. sin {vt — 
(A 


X 


’■erpendicular to the plane of incidence, 


and a sin a. sin (vt - x) 


.1 


. 0 . 1 . .tr. ^to the plane of incidence. And these expressions 
;VKi appiy to the reflected ray, giving a: the same alteration 
"A A altering die coefficients in the ratios determined 

o: and a29j. Hence we shall have after reflection, 

Displacement perpendicular to the plane of incidence 

f27r 


sin (z —t) . 

a cos a ^ A sm 

sin (^ + 1) 


- (vt — a?) p . 
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Displacement parallel to tlie plane of incidence 


— a sin a 


tan {%' — {) 
tan {i' + 


sin 



(vt — x) 


Since these are in the same ratio whateyer he the value of x, 
it follows that the displacement compounded of these is en- 
tirely in one plane, and therefore the reflected light is polar- 
ized. And if /3 is the angle at which the new ]3lane of polar- 
ization is inclined to the plane of incidence, or 90° — /3 the 
angle at which the new direction of vibration is inclined to 
the plane of incidence, we have 


cot /3 = ■ 


sin 

a cos a — rr 

sin [i 


• a sm a 


tan — i) 
tan [i! -h i) 


• cot a 


cos (^ ' — i) 
cos (^" + i) ^ 


or 


tan /3 = — tan a 


cos + i) 
cos {%' — ^) ‘ 


When I and % are both small, ^ and a have different signs : 
this shews that the planes of polarization before and after 
reflection are inclined*^* on opposite sides of the plane of in- 
cidence. If i + i' — 90°, that is, if the angle of incidence is 
the polarizing angle, /3=:0, or the plane of polarization of tlic 
reflected ray coincides with the plane of incidence : and if i 
be further increased, /3 and a have the same signs. These 
results have been verified by numerous observations and care- 
ful measures of M. Arago and Sir David Brewster. 


Prop. 28. Light is incident on the internal surface of 
glass at an angle equal to or greater tlian that of total reflec- 
tion ; to find the intensity and nature of the reflected ray. 


133. The expressions in (128) and (129) become impos- 
sible. Tet there is a reflected ray, whatever be tlie nature 
of the vibrations in the incident light. And on tlie principle 
of vis viva the intensity of tlie reflected ray ought to be equal 
to that of the incident ray, since there is no refracted ray to 

* The incliimtions are considered to he on the same side wlicii (supposing 
for fiicility of conception the angle of incidence to be considerable) the upper ^ 
parts of both planes are on the same side of the plane of incidence. 
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-pv- rni-t of tlie vis viva. And indeed in the last state 
of :ias) and (129) before becoming impos 


expressions ot ana {ifj ^ , 

r.‘t wlieii r= 90", each oi them becomes - 1. Aftei 
.. r eildKSsion for the coefficient of vibrations perpen- . 


v-nression lor me ^ n 

t tie plane of incidence {putting /i sm ^ for sin i 
A '%* -i .\'(/i‘sin' i — 1) fof cosij becomes 


fi sin i . cos i — sin f \/ (- 1) V f — 1) ^ 
fj, sin i . cos i + sin i V ^ 1) V (/^ i 1) 

or cos 29 - «/(- 1) sin 29, 

c \/(/i-sin=f- 1) 
v-heretan5 = — , 


f - I t'nat for tlie coefficient of vibrations parallel to the plane 

I ixeitlence becomes 

sin / . c os i — fjL sin i \/(~- 1) V shr ^ — 1) 
sill i . cos i -f- siu i V (” 1) V sin“ i—l) 

or cos 2<^ - V(~ 1) 


where tan ^ = 


cos^ 


It is imiirobable that these formulae are entirely without mean- 
ing : what can their meaning he ? 

134. hi. Fresnel seems to have considered that as the di- 
lectioii of the reflected ray and the nature and intensity of the 
I'lbratioii were already established, there remained but one 
element which could be affected, namely, tlie phase of vibra- 
tion. And it seems not improbable that this may be affected, 
inasinuch as the incident vibration, though it cannot cause a 
urracted ray, must necessarily cause an agitation among the 
] articles of the ether outside the glass. It would seem to us 
laoBt likely that the ray would be retarded (though the phe- 
i.omena to be hereafter described compel us to admit that it is 
accelerated) : and in all probability differently according to the 
direction in which the vibrations take place. Nothing then 
iejois more likely than that 20 and 2(f> should express these 
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accelerations*: and as they are angles, they must be com- 
bined with the angles in the expression for the vibration. 
Thus for instance , if 

. r27r 

asm ] — 


[vt ““ a;)| 


were the expression for the vibrations perpendicular to the 
plane of incidence on the supposition that they were not 
accelerated, 

a sin (vt — a;) + 2 


would be the expression on the supposition that they were 
accelerated. 


135. The only thing which concerns us cxpeidmentally 
is the difference 2(j^ — 20 (which wo shall call S) of the accele- 
rations, for vibrations ])erpendicular to and parallel to the 
plane of incidence. Now 


tan (<^ — 0) = 


cos { V {f/ sin® i — 1) 
[ju sirr i 


whence cos S = 


1 — tan® {<^'-' 0 ) __ sin"^ z — (1+ sin® i + 1 
1 + tan® {(j> — 0) (1 H- ya®) sin® 


* M. Fresnel’s reasoning is of this kind. In several geometrical cases, the 
occiin-ence of an imaginary quantity indicates a change of in the position 
of the line whose length is nmltiplicd by V - I- tt is probable then that here 
the niultqdication by \/{ - 1) denotes that the i)hase of the vibration which it 
ahects is to be altered (suppose increased) by i U'h Thus the exiu-essiou 

{ cos + V( ” 1) sin 20} . sin | {vt - x) | 
is to be interpreted as signifying 

cos 20 . sin I Y - a?) I + sin 20 . sin I Y | , 

or cos 20 . sin | {vt - as) | + sin 20 . cos | y | ? 

or sin | ^ - sc) + 20 | . 


And similarly for the other. 
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ars from this expression that S = 0 when sin « = - , or 


it appears 

tt-lien sin 2 = 1: and that S is greatest when 

2 


1 


!::e Yaliie 


of cos S being then 


(1 + fjrf 

I: we assume S = 45°, we hare this equation : 

, r-.= l + ei: 

(1 -f cosec" t — cosec ^ 

the solution of which, supposing /4=: 1,51, gives 

f=48°.37h30", or 54°. 37'. 20". 

If tlicn light he incident internally on the surface of crown 
da.ss at eitlier of these angles, the phase of the vibrations in 
the plane of incidence is accelerated more than that of the vi- 
brations perpendicular to the plane of incidence by 45°. If 
the light be twice reflected in the same circumstances and with 
t!:e 5a:ne plane of reflection, the phase of vibrations in the 
T la::e ‘f incidence is more accelerated than that of the other 
vibrarions by 00°. 


133. If then we construct a rhomb of glass, fig. 33, 
tw=3 ot whose sides are parallel to the plane of the paper, 
and the others perpendicular to the paper and projected in 
t.ie lines AB, BC, CD, DA ; and if the angles at A and G 
54 .37h then light incident perpendicular to the end 
at F will be internally reflected at G and H, making at 
tl2*pse points angles of incidence 54°. 37', and will emerge at 
/ in the direction parallel to that in which it entered at F. 
file immersion at .F and the emersion at I will produce no 
akeraticm in the^ light, but the effect of the two reflections 
at G and S will be to accelerate the phases of vibration 
in tiie plane of the paper more than those perpendicular to 
that pmne by 90 . A rhomb thus constructed we shall call 
irmiel s rliomh. 
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Prop. 29. Polarized light is internally reflected in a 
refracting medium at an angle of incidence greater than that 
necessary for total reflection: to find the nature of the re- 
flected ray. 


137. Let the plane of polarization make with the plane 
of incidence the angle a. Then the vibration, represented by 

<2sin|^ {vt — x^ , 

is performed in a direction making tlie angle 90® — a with the 
plane of incidence. Consequently the resolved vibrations are 


a cos a . sm < 


(^TT 

IT 


(vt — x)^ 


perpendicular to the plane of incidence, and 

f27r 


a sm a . sm 


(vt — x) 


parallel to the plane of incidence. The latter of these, by 
(135), is more accelerated than the former by S, If then after 
reflection we use 


a cos a . sin 




to express the vibration perpendicular to tlie plane of inci- 
dence, we must take 

(27r ] 

a sin a . sin (vt — a?) + 8| 


for the vibration parallel to the plane of incidence. The 
same expression holds if the light is internally reflected any 
number of times, (the planes of incidence being always the 
same,) if we take care to give the proper value to S. 


138. Now let us examine the motions of a particle of 
ether in the reflected pencil. We will take y for the ordi- 
nate ill the plane of reflection, and z for that perpendicular 
to it, both measured from the place of rest of the particle, 
in the plane transverse to the direction of the reflected ray. 
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Let a = 451 and 8 = 90", (This represents _ the case 
01 Fresnel’s rhomb when the plane of polarization is 
inclined 45'’ to that of reflection). Here 

a \ A . cos (fi; -a:) j , a = a Vi • sin {vt - a:)| , 

, . , 2 a‘ 

and 2/ + 3 = -g • 

That is, every particle describes a circle whose radius 


13 




Let a hare any value, B being = 90°. (This is the 
general case ot Fresnel’s rhomb). Here 

y = a sin a . cos {vt — a?)| , 


z = a cos a 
V‘ 


. sin (vt — a?) 


and 


• + 


dr sin" a a‘ cos“ a 


= 1 . 


That is, every particle describes an ellipse, whose 
semi-axes are a sin a parallel to the plane ot reflec- 
tion, and a cos a perpendicular to that plane. 

In the general case, a and B having any values, 


y = a sin a 


sm 




cos B 


-f cos {vt — sin S 


and z — a cos a . sin {vt — a:) j- . 


. Stt 

sm — {vt —£!?) = 


a cos a 


Hence 
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and {y — tan a . cos S . zY 

= sin^ a . sin^ S . cos^ {vt-- x) 


= . sin^ a . sin^ S 


> 

sin^ 


X 


{vt — cc) j 


* sin^ a . sln“ S — tan^ a . siii^ S , : 


the equation to an ellipse whose axes are inclined to 
the plane of reflection. 

(4) If we compare the expressions for y and z in the flrst 
case with the equations to a circular helix {t being 
considered constant), we find that thej exactly co- 
incide. That is, a series of particles which were, 
originally in a straight line, will be at any subse- 
quent time in the form of a circular helix. In tlie 
other cases, the position of the particles will be what 
may by analogy be called an elliptic helix. 

(5) For all values of S, if a = 0, or if a = 00^ the re- 
flected light has the same polarization as the incident 
light. 


139. The nature of the light in the reflected ray may 
then be generally expressed by saying that it is elNjpttcaliy 
2 X)laTize(l: and in the first case by saying that it is circularly 
polarized. Wherever after this we speak of common polar- 
ized light we shall for the sake of distinction call it plane- 
polarized light. From the investigation of the second case it 
appears that Fresnel’ s- rhomb, by proper adjustment of posi- 
tion with respect to the plane of polarization, is capable of 
producing elliptically polarized light of every degree of ellip- 
ticity. We will therefore suppose that the circularly or ellip- 
tically polarized light is produced by Fresnel’s rhomb For 
use, it is convenient to have it mounted in a frame whicli, 
without stopping the light, admits of -its turning round tlie 
axis iZJ, fig. 33 : this frame may be placed on the board in 


• We shall hereafter mention another contrivance which produces nearly 
hut not exactly the same effect, and which has been used more extensively than 
Eresnel’s rhomb. 
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t-T. 24 ; then the light plane-polarized by A is by the rhomb 
converted into circularly or elliptically polarized light, and 
emere-es irom the end Z>(7 opposite to the analyzing plate £ 
in no’- 24. If the mounting be graduated so as to determine 
tlic angle made by the plane of polarization with the plane of 
redeetion, tlien when this angle is 0, 90°, 180", 270°, the jolane- 
’i-ilarized light is not altered: when it is 45°, 135°, 225", 315°, 
the emergent light is circularly polarized : when it has any 
otiicr value, the light is elliptically polarized. 

140. Now it IS evident that circularly polarized light 
may be resolved into two vibrations parallel and 2>erpen- 
dicidar to any arbitrary plane, and that the magnitudes of 
these vibrations are always the same. Consequently this 
light, when examined only by the analyzing plate i?, shews 
no sign of polarization (97), (99), &c. This is experimentally 
true. But if elliptically polarized light is resolved in the 
same way, though neither of the resolved parts ever vanishes 
yet their magnitudes vary; and therefore when examined 
with the analyzing plate it will appear to be partially po- 
larized. This is also true. , ^ 


141. Between two kinds of circularly polarized light 
there is an important distinction which we have not yet 
pointed out. We have seen that if a = 45° in Fresnel’s 
rliomb, the light is circularly polarized : it is also circularly 
polarized it a = - 45°. For in the latter ease 


y = - a VI cos (vi - x)j , 

(ut-m)J, 


s = a a/|- sin 


27r 


and tlierefore 


. 2,0 « 




z 

y 


■■ tan - os) 
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in tlie latter 



If we suppose tbe plane of reflection Yertical, y measured 
upwards, and to the right hand (looking in the direction of 
the wave’s motion), then in the former case the revolution 
will be in the same direction as that of the hands of a watch, 
and in the latter case in the opposite direction. In the former 
case the expressions shew that the particles wliich were ori- 
ginally in a straight line will be at any time arranged as in 
a left-handed spiral ; in the latter case, as in a right-handed 
spiral. A similar distinction exists between two kinds of 
elliptical polarization. 


142. One of the most remarkable proofs of the correct- 
ness of the theory is this ; if a second Fresnel’s rhomb be 
placed to receive the light coming from the first, and if its 
position be similar, the emergent light is plane-polarized, but 
the new plane of polarization is inclined 2a to the former 
plane of polarization. The theoretical explanation is this ; 
the vibrations in the plane of incidence are accelerated 90® 
by the first rhomb and 90® again by the second rhomb, more 
than those perpendicular to the plane of incidence. Conse- 
quently (taking up the investigation of (137)}, the vibration 
perpendicular to the plane of incidence being 



that parallel to the plane will be 




j’ 

or — a sin a . sin (^<5 — a;)| . 

As these are always in the same proportion, the vibration is 
entirely in one plane, or the light is plane-polarized. But as 
the tangent of the angle made with the plane of reflection 
is — tan a, instead of tan a, which was its value before inci- 


a sin a . sin 




■ x) + 180 
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dence, tlie plane of polarization is inclined on the side of the 
plane of reflection opposite to that on which it was before, and 
by the same angle ; the change of position therefore is 2a. 

If the second rhomb is placed in a position 90*^ clifl;*erent 
from that of the first, the emergent light is similar to the in- 
cident light. For, the vibrations which were most accelerated 
by the first rhomb are least accelerated by the second rhomb, 
and vice versd^ so that the relation of tlieir phases is not 
altered. 

143. ■ It is remarkable that in the only other case of re- 
flection unaccompanied by refraction whose laws are well 
known to us, namely reflection at the surfaces of metals, the 
reflected ray appears to possess properties similar to those of 
light totally reflected within glass : if the incident light is 
plane-polarized, the reflected light is in fact elliptically po- 
larized, and the difference of the phases varies with the angle 
of incidence. It is not however certain that we can refer the 
physical explanation to the same principles : all that we can 
seem able to conclude from it is that the reflection from me- 
tallic surfaces is not strictly analogous to the reflection of 
sound from a wall, but has a closer relation to reflection from 
a surface terminating a dense medium^. Whether any cx- 

* Ifc appears from Sir David Brewster’s experiments that, in reflection from 
metals, the proportion of the vibrations parallel to the plane of reflection in the 
reflected ray to those in the incident ray, is less than the proportion of the 
vibrations perpendicular to the plane of reflection in the reflected ray to those 
in the incident ray. Consequently, after a gre<at number of reflections from 
metallic surfaces, the reflections being all performed in the same plane, the 
vibrations parallel to that plane are diminished in a, rapidly-decreasing geome- 
trical series, and are soon insensible, and therefore the light appears to be polar- 
izeil in the plane of reflection. This happens with a much smaller number of 
reflections from steel than from silver. It appears also that the alteration of 
phases of the two sets of vibrations is somewhat different for different metals, 
and different at different angles of incidence ; beginning to be sensible at the 
incidence 40® nearly, and amounting at its maximum (which it has at an inci- 
dence of nearly 70®) to about 90® ; perhaps to more, but Sir D. Brewster’s state- 
ments leave it doubtful. It is also doubtful whether the phase of the vibrations 
parallel to the plane of incidence is accelerated or retarded. See Brewster on 
Elliptic Polarization, Phil. Trans. 1830. The nature of elliptically-polarized light 
had been sufficiently indicated in a few words by Fresnel, and the merit of this 
valuable paper consists entirely in shewing that the reflection of polarized light 
at a metallic surface produces light of that kind. The result of these laws, on 
the principles of the text, may be thus stated. If the incident vibration per-, 
pendicular to the plane of incidence is a. sin (ri-cc-i-A) ; the multiplier of the 
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planatlon could Tdc founded ,-l . . , , ^ 

s a-bsolntel 7 terminated at tan: :iie ^ 

ether within the metal is i,? ® j 

to It, IS a point that has not Toeen examined. 
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144 In g)7) we h^e xnentioned as one of toe 
Tncntal tacts ot polavizatioxt ±liat if tLe 
A and 7? in fig. 24 are a,-t xight an^ 
angles ot incidence at l3cing the pclariziricr ana’le 

light rcUccted trom A is ixYcapahle of be ins’ azaiii letle 
from 7)\ It the eye be "plao^d near 7? so as to observe 
imago of A, a very dark sp>ot is seen at its center, and 
whole image, though not q^iaite so black as the ceiArai = 
is very obscure. 
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tlie 
cte 1 
the 
the 
pot, 


145. Now if we interpose between A and B a plate wliich 
possesses double retraction, t:lie image of -.4 is generally seen 
briglit, but sometimes crossed by one or more'hJark brnshes, 
and sometimes by rings of circular or more compIicate>l 
figure, richly coloured. On inclining the plane of the in- 
terposed plate, the rings g*enerally shift their ipiaces and are 
succeeded by others ; shew'ing that the peculiar arrangement 
of colours and brushes depe^mds on the relation of the direc- 
tion of the rays to some fi rsted lines in the iiirerph.sed plate. 
There are few substances wbich when interposed present 
exactly the same pheenomena., but nearly all exhibit appear- 
ances of the same general clxa^xacter:^ gorgeous c^fiotirs, arrayed 
in symmetrical forms, gertex-^lly shifting with eveiu'- change m 
the position of the interposo^d plate, and always altering as B 

coefacient in the reflected ray^? : -blie eorrespondir.-y;^ayr:ty.yfor fne cyier 
vibration h . flin (vt-x+ B) and ^ r o.iid the acce.eraiior. 6i trygayy •: : 
after n reflections the vibration •per£>eiidieular to the piane oi 

sii3- 

and that parallel to the plane of inoitlence 

I .c(^ , si33. i'l't 2> 


l*->4 UNDULATOEY THEOEY OP OPTICS. 

is turned round its spindle. This class of pliicnomena is far 
the most splendid in Optics. 

146 The interposition of a piece of common glass pro- 
duces no effect. And even a doubly refracting substance 
p-oduces no effect, if it be placed to receive the light either 
before it is polarised at A, or after it is analyzed at B. It 
seems therefore that a doubly refracting substance has gene- 
rally the power of altering polarized light, in such a manner 
that the light, either from losing the character of polariza- 
tion, or from a change in the plane of polarization, acquires 
according to certain complicated laws the capability of reflec- 
tion. It appears however that it exerts no influence on com- 
mon lio-ht which makes it incapable of polarization as usual, 
and that it does not alter polarized light so as to produce any 
alteration in the impression made on the eye unless it is sub- 
sequently analyzed. 

Peop. 30. To explain generally the origin of the co- 
loured rings. 

147. The general explanation may be given thus. From 
experience^*, as well from the theory of (106) &c., it appears 
that, whatever be the nature of light incident on a doubly 
refracting crystal, the two rays which it produces are polar- 
ized, one in one plane, and the other in the plane perpen- 
dicular to the former. That is, the vibrations of the inci- 
dent ray are resolved into two sets, one in one direction 
and the other in the direction perpendicular to that, which 
produce waves that describe different paths ; and one of these 
forms the Ordinary ray and the other the Extraordinary 
ray. And from the theory of (108) it appears that these 
two sets of waves will pass through the crystal with different 
velocities, and therefore on coming out of the crystal will 
be in different phases. Their union therefore will produce 
a kind of light not necessarily plane-polarized, or not neces- 
sarily polarized in the same plane as before passing through 
the crystal : and therefore their capability of reflection at the 

^ * Quartz is the only well-established exception, to this rule. It appears 
tnat neither the ordinary nor the extraordinary ray of quartz ia strictly piano- 
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analyzing plate is, generally, restored. But, as the positions 
of the two planes of polarization, as well as the difference 
of Yelocity of the two rays, will depend upon the direction 
of the paths through the crystal, the nature of the light 
produced by the union of the two emergent streams will 
vary as the directions vary ; and consequently the intensity 
of the light coming to the eye after analyzation will vary 
with the direction of the ray. Thus bright patches or curves 
of different intensity will be seen. The difference of phases, 
it may be easily conceived, is generally a function of A, 
and tlius the form or size of the curves may be different 
for differently coloured light. From the mixture of these 
differently sized and differently coloured curves, curves will 
be produced in which the mixture of colours is different 
at almost every point, as in the fringes of interference and 
in Newton’s rings. 

148. We have supposed here that neither plane of polar- 
ization of the rays in the crystal coincides with the plane of 
polarization of the light reflected from A, But conceive 
that in one direction of the ray, the plane of polarization 
of the ordinary ray coincides with the ]flane of ])olarization 
of light reflected from A. In that case the liglit reflected 
from A will produce in the crystal only the ordinary ray, 
(92) and (95), and consequently the crystalline separation 
of the rays is of no consequence, because only one of the 
rays exists. The ordinary ray emerges therefore from the 
crystal just as it entered, unmixed with any other ray, and 
therefore falls upon B in the same state as if it had not 
passed through the crystalline plate, and therefore, is not 
reflected. The same would be true, mutatis mutandis, if for 
another direction of the ray the plane of polarization of the 
extraordinary ray in the crystal coincided witli the plane of 
polarization of light reflected from A„ Thus if we deter- 
mine all the directions of rays in which the ])lane of ]oolar- 
ization of eitlier the ordinary or the extraordinary ray co- 
incides with the plane of reflection from A, the rays passing 
in those directions will not be capable of reflection from B, 
and the apjoearance presented to the eye by the rays pass- 
ing in all these directions will be that of one or more black 
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lines not necessarily straight, catting the coloured curves 
before mentioned. 

149. If JB be turned round its spindle till its plane of 
reflection coincides with that of the positions determined 
by the conditions of (148) will define the directions in whicli 
the light is most highly susceptible of reflection from i?, 
and therefore one or more bright lines will be seen cutting 
the curves. If B be turned to any intermediate position, 
it will be found in the same way that the directions of 
rays, which make the plane of polarization of either the 
ordinary or the extraordinary ray to coincide with the plane 
of reflection either at A or at i?, determine tlie form of 
lines which cut all the rings, and in which the intensity 
of light is uniformly the same as if the crystal were not in- 
terposed. 

These particular cases are pointed out merely as mat- 
ters of interest in the general explanation. The determi- 
nation of the form of the uncoloiired curves will be . included 
in the general investigation of the intensity of light reflected 
in all directions from B. 

Prop. 31. A plate of Iceland spar (or other imiaxal 
crystal, except quartz) is bounded by planes perpendicular 
to the axis of the crystal : light is incident nearly in the 
direction of the axis ; to find the position of the front, and 
the velocity perpendicular to the front, of the ordinary and 
extraordinary waves : and the retardation of each produced by 
passing through the plate. 

150. First, for the extraordinary ray. In fig. 34 let AB 
be the normal to the front of the incident wave, or the direc- 
tion of the incident ray: BG the normal to the front of the 
extraordinary -wave, which is not generally the same as the 
direction of the extraordinary ray : GD the direction of emer- 
gence parallel to AB : ^ the angle of incidence made by AB^ 
% the angle of refraction made hj BGi v the velocity before 
incidence, v the velocity of the extraordinary w^ave perpen- 
dicular to its front : T the thickness of the plate. The time 

T 

of describing J? (7 is — the space w^hich the wave would 

'0 cos % 
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kutaudation of hays in uniaxal crystal, 
ill llic aamc time have dcHcrihcd ia air is - , But since 

V COS 

the frent of the wave at iaeidcnce was perpendicular to AB 
at y>, and. at emergeuee perpendicular to GD at C, the whole 
Si)iicc wJiieh the wave really has advanced is 

BE ~ ~ 

eos i' ’ 

aiul tlieitdoic it has heeu retarded By a space in air ec[ual to 
COS r U' ~ * • eos 4 — sin i. sin i'\ . 

151. .Now sin, — -j sill I^OT ii GII he a position of 

tlic. front l)C‘.f()rc incul(‘nc‘c and J5J\^ after entrance, GB and 
7/A must linvc l)(uni (Iesxril>ed in tlie same time; and tliere- 
forc (f B : JiK {or sin : sin i') :: velocity of incident wave 
; v(‘.l()(‘.ily ol (Lxtra.or(linary wave perpendicular to its surface 
V : v* And iis '(.!u‘ perjic'jidicular to the refracting surface 
coincides with the axis of the crystal, we have by (112) 

== // (jr cos“ i' *4~ sin^ {'). 

.From these ecjiiations we find 

. V a sin z 

sin t ^ B J~ 7 t IT : — r-rr , 

V (o — a") sm“ ^} 

^ _ V sin^ i) 

^ V [F“ — siiF {} ’ 


a.v 

— (c“ — d^) sih^ ^} ■ 


iSubsillutlng', the rctardatiou 



c}dxx\^i) 

a 


— cos {\ 


r 


152. Next fur t.las ordinary ray. This may he deduced 
iVum the last hy putting a for c. 1 or the exjiression in (112) 
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is changed to that in (111) by this alteration. Consequently 
the retardation for the ordinary ray is 




cos^ 


153. The only quantity that concerns us is the excess'^* 
of the latter above the former. Its value is 


“ {V ^ sin^ i) — — & sin^ 


When i is small, this is nearly 


= T- 


2av 


This we shall call Z 


154. In estimating then the displacement in the ether 
produced by these two separate pencils after emergence from 
the plate of crystal, if we represent that which is produced by 
the ordinary ray by a multiple of 


sin 



we must represent that produced by the extraordinary ray by 
a multiple of 


sin 





For, the extraordinary ray is less retarded than the ordinary 
ray by the space I in air, and therefore the displacement 
really caused by the extraordinary ray will correspond to that 


® c is greater tliaii a for Iceland spar, beryl, and all the crystals termed by 
some writers negatim; and less than a for sonae varieties of apoxdiyllite, and all 
crystals of their ^o&itive class. 
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which would have heen produced at a space less advanced 
by if they had been equally retarded. 


Prop. 32. A plate of Iceland spar &c. bounded by planes 
perpendicular to the axis of the crystal (as in Art. 150) is 
placed between the polarizing and analyzing plates, fig. 24 : 
to investigate the intensity of the light in various parts of the 
image seen after reflection at B. 

155. In fig. 35 conceive the direction of any ray to be 
perpendicular to the paper: let the plane passing through 
this ray and through tlie axis of the crystal [which in (111) 
we have termed the principal plane for that ray} make witli 
the plane of first polarization the angle ^ : and let the plane 
of polarization at the analyzing plate (which we shall call the 
flane of analyzation) make with the plane of first polarization 
the angle a. Let the vibration in the rays as first polarized 
be represented by 

. r27r 

a sm J— 

( A 



perpendicular to the plane of first polarization. On entering 
the crystal this is resolved into 


a cos ^ . sin 



perpendicular to the principal plane (which produces the 
Ordinary ray), and 


a sin ^ . sin 



parallel to the principal plane (which produces the Extra- 
ordinary ray). The former of these expressions may be as- 
sumed to be true after the Ordinary ray has emerged from 
the crystal, provided that *vve make the proper alteration in 


^ The same expression applies when two plates cut in the same way from 
cxystala either of the same or of different kinds are applied togetlier, 1 being- 
now the space by which in the combination the extraordinary ray is less retarded 
than the ordinary ray. If in both plates the extraordinary ray is less retarded 
than the ordinary ray, or in both more, the effect of the combination is that of 
a thick plate : if in one it is less and in the other more retarded, the effect is 
that of a thin plate. 
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the value of cc or ^ : hut then for the Extraordinary ray we 
must, hy (154), take the expression 


’27r 


a sin (j5 . sin + 


SttJ] 

"ri* 


If the rays entered the eye in this state, there would he no 
variation of intensity in the light coming in different direc- 
tions through the crystal. For the intensity of the ordinary 
wave 

= c? cos^ <j!>, 


and that of the extraordinary wave 


= sin’* 

the sum of which, or represents the intensity of the united 
waves (102), and this is constant Now the analyzing plate 
being applied, those resolved parts only of the vibrations are 
preserved which are perpendicular to the plane of analyzation. 
That’"* furnished by the ordinary ray is 


acos(j>. cos {(j> + a) , sin {vt — £c)| : 
and that furnished by the extraordinary ray is 

a sin (p . sin (<^ + a) . sin {vt — x) + . 


The sum of these represents the displacement produced by 
the wave that enters the eye. Adding them, and expanding 


sm 


27r 

X 


(vt -x)+ , 


we find for the eoefScient of sin (ri — cc)| , 


acos(f>. cos {cf> + a) + asm<f> . sin (<^ + a) . cos 


27rJ 


* As the analyzing plate does not transmit to the eye the whole of the 
vibrations perpendicular to its plane of polarization, we ought in strictness to 
multiply these expressions, in this and similar investigations, by a constant. 
The omission is of no consequence in comparing the intensities of diiferent parts 
of the image. 
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and for the coefficient of 


COS 


27r 


{vt-x)\^ 


sin (^ + a) . sin . 

X 


The aurn of tl.e squares of these coefficients is to be taken 
(or (lie. uuiasurc ot the intensity {as in (17) and (23)1. This 
sum is 

u" cos", c/) . cos* (^ + a) + a* sin" 4 , . sin" + a) 

+ 2«" .sill <j> . cos <l> . sin (^ + a) . cos (.^i + a) . cos — , 

X 

a"* ( 

or - • I -f cos 24 > . cos ( 2 cj> + 2a) 

H- sin 2 (f> . sin ( 2 <j) -j- 2a) . cos , 


. f «> 

or (r |cos" a 


- sin 2 <j> , sin ( 2 (]> + 2a) . sin“ 



iriCL Tills A'Ivcs the intensity of the light that enters the 
eye in a givini direction, or the brightness of one point of th^ 
vislblii Image, 'ho determine what point of the image it is, 
wc. lia.v(‘. (»nly to remark that this ray makes the angle i with 
the ray that im-ssi'.s in tiro direction of the axis, in a plane that 
is incIiiKMl to tlie plane of analyzation (supposing that 

we look in tlu‘. direction of the ray’s motion), measuring from 
the. lop to the right. By the reflection at the analyzing plate, 
this coarsti of the rays is inverted witli regard to up and down^ 
while it is not alt(‘.re,(I witli regard to right and hft: hut then, 
as the (‘,ye. is placed to reccuve the light in the direction oppo- 
site. to t.liat in whicli w<i look in studying figure 35, there is 
another inve.rsiou with regard to riglit and left^ hut none with 
n^.gard to vp ;md dowiu On tlie whole therefore, this ray 
comes from a point whose ajiparent angular distance from a 
certain ])oint tlirongh wJiicli the rays pass parallel to the axis 
is e, which distance is measured in a direction that makes 
the angle ejS -P a or 'yjr witli the plane of analyzation, mea- 
suring from the ti,ppi‘x jiart of the plane to the right. If a 
plate of tourmaline or a Nicol’s pirism were used for analyzing 
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plate, the angular measure would be made from the upper 
part to the left. In the image presented to the eye, i may 
be considered as a radius vector, and the angle that it 
makes with the upper part of the line that represents the 
plane of analyzation. The brightness, putting 'yjr for ^ + a, is 

vrl) 

cos" a — sin (2'\Jr — 2a ) , sin 2i/r . siir ^ . 

157. Let a = 90®, or let the analyzing plane be in the 
position in which no light is reflected without the interposition 
of the crystal. The expression becomes 


sin^ 2'\fr . sin* 




This is 0, whatever be the value of \ and of I, when 
sin^ 2'\lr=^0: 

that is, when 

= 0, or = 90®, or = 180®, or == 270®. 

This shews that, whatever be the colour of the incident light, 
there is a black cross, passing through that point of the image 
which is formed by the light that is parallel to the axis. For 
all intermediate values of cj) it vanishes only when 


ttI 


= 0, TT, 27r, &c., or J= 0, X, 2X, &c., 


or 

sin 


• • _ A / / Aav\ / 

mt_0, y y y ( 


and the light is brightest and = a* sin® 2'\Jr when 


GavX 

~'i\ rn j ^0., 


J= 


X 3X 


, ckc.j 


or sin % ■ 


/ av\ / $av\ M 

{6^- a^)T^ V 
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The four spaces 'between tlie arms of the cross arc therefore 
occupied by 'bright and dark rings, the radii of the bright 
rings being as \/l, a/3, a/5, &c. and those of the dark rings 
as ^2, \/4, a/6, &c. The radii are inversely as a/T, and the 
rings are therefore smaller with a thick plate than with a 

thin one. The radii are also inversely as and 

as this expression may conveniently be taken as a measure 
of the doubly refracting power of the crystal, the rings are 
less with a powerful doubly refracting crystal than with one 
which has that property in a feeble degree. The radii vary 

also as sjX (considering - .y— as independent of X), and 

C ““ €L 

thus are larger for red light than for blue light. This pro- 
duces exactly the same effect which we have noticed in speak- 
ing of interference fringes and Newton’s rings, (51), (66), 
and (72) : the rings which at first are black and white have 
very soon a mixture of colours, different at every successive 
ring, and finally disappear from the mixture of all in almost 

equal ‘proportions. If were constant, the proportion 

o ~ (X 

of the radii for different colours, and consequently the mix- 
ture of colours, would be nearly the same as in Newton’s 

rings. But ^2 is generally a function of X: the radii 

C — (X 

of rings of different colours vary therefore as fsj 5 

the colours are not the same as those of Newton’s scale. To 
such an extent, and so differently in different crystals, does 

"5 a \ variety of the uniaxal apo- 

“ (X 

phyllite Sir John Herschel found that was almost 

C (t 

exactly constant, so that more than 35 rings were visible: 
while in another variety c® — was positive for the rays from 


* The reader must not infer from this expression that there are no rings 
when is less than a®. On going through the whole of the investigation it 
will be seen that the very same expressions will apply, putting only 
instead of 
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one end of the spectrum and v*(i for frmn tijf* ot|,f. 

end, and =0 for the intcrrnediattt rays^ and only oin) or 
rings were visible. '* 


158. Let a = 0'', or the phmc, of ndh^clion at fhr arnky^ 
ing plate, coincide witli that at tho. polurizhig phur. 
expression for the iiitcnKsity US 




- .sin* .slir' . 


This expression, added to that distuiHMod i,i (i.'jt) j,r,),|„(.,.s 
sum f. Consequently the inU^nsity at any (...ini, ul !h.- in,,',,,!! 
in this case is conif ilemeii l,ary U> that i,, tlui ea.se nf (i.w) 
Thus, instead of a black cross Inlcrniptlij'’- the rin.'-.s ihcri' ' 
a bright cross interrupting tin* rings: in.stea.l uf ’the dark 
rings having radii ^ 

/ / 'InirA. 

V V 

and the bright rings having the ra.lii 
/ / :iurX 

V (c^-a^)T’ \/(e^ V- > 

the bright rings have the former and the dark un.-s the i..utor. 

tensity with dlfferenrvahm.^^^^^^ "j- 

sin ( 2 f- 2 a) .sm 2 f . 0. 

For. the ,„ocmi„„ of ting, .le,,,.,,,!. .a,,,, 

t° r V .,f i,, „|. 

tiplier. This equation givtis 
'f = 0, 01 = 00'’, or =180'’, or t-, 

• 180'’ 4 a, or 


or 


170, nr -a:, or yo” 4 a, 
270'’ f . 5j. 
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Cohsequentty there are two rectangular crosses, inclined a to 
each other, which interrupt the rings. If a Nicol’s prism is 
used, it is easily seen that one of these crosses has respect to 
the plane of polarization of the polarizing plate, and the other 
to that of the NicoPs prism. The intensity of the light in 
these crosses is a^cos^a. For the parts between 1/0 = 0 , 
i/r = c£, or between 1/0 = 90®, i/r = 90® + a, or between i/r = 180®, 
1/0 = 180® + a, or between i/r = 270®, 1/0 =270® + a, the multi- 

• . ttJC ... . 

plier of sin^ — is positive, and the light is therefore greatest 


&c., and least when J= A, =2A, &c. : these 


when / = 

four sectors are therefore occupied by portions of rings nearly 
similar to those in (157), the intensity for the portions of the 
bright rings being 

~ {1 + cos (4i/r — 2a)}, or cos^ (2i/r — a), 


and that for the portions of the darker rings a® cos® a. 


But for the parts between i/r = a, i/r = 90®, &c., the multi- 
plier of sin®^ is negative: the light is least when /=^, 
3X 

— , &c., and greatest when 7= A, 2A, &c. : these sectors there- 

fore are occupied by portions of rings nearly similar to those 
in (158), the intensity of the portions of the bright rings 
being a® cos® a, and that of the fainter rings 

u® cos® (2i/r — a). 

The brighter rings in the last-mentioned sectors have the 
same radii and the same brightness as the darker rings in 
those first mentioned : and this brightness is the same as the 
brightness in the eight rays of the crosses. 

Peop. 33. In the last experiment, Fresnel’s rhomb is 
placed between the polarizing plate and the plate of crystal, 
with its plane of reflection inclined 45® to the plane of polar- 
ization, so that the light incident on the crystal is circulai ly 
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polarized: to find the intensity of the light after reflection 
from Bj and the form of the coloured rings. 


160. Eesolve the vibration 

f27r 


a sin 4 — (yt — ifc) v , 


which is perpendicular to the plane of first polarization, 
into sin 


perpendicular to the plane of reflection in the rhomb 

parallel to that plane. The latter of these, by (136), has its 
phase increased by 90°, and therefore on coming out of the 
rhomb th(e vibrations may be represented by 



perpendicular to the plane of reflection 



parallel to that plane. Kesolving these in directions perpen- 
dicular and parallel to the principal plane of the crystal, 
we-find; 


Vibration which produces Ordinary ray 

= cos (45° — <i>) . sin {vt — x)^ 

+ ^ sin (45° -- (f >) . cos |~ (yt — i3;)| 


\ 
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Yiljration wliicli produces Extraordinary ray 

= — ^ sin (45® — . sin (vt -- x) 

Y 2 (A 


-f -~r~ COS (45® — <p) , co^ \ — {vt — x) 
v * 


Stt 


'27r 


= ^ cos |— {vt - a;) + 45® - 

On emerging from the crystal, the Ordinary vibration being 
represented by the same expression, the Extraordinary vibra- 
tion must be represented by 


V2 


• cos 


StT , V . ♦ Stt/I 

- ivt-x)+A5 + . 


The resolved parts of these perpendicular to the plane of 
aiialyzation (which are the only parts that reach the eye) 
are 

cos (a + (^) . sin {vt — a?) + 45®— (j> 
y2 I A 

4- ^ sin {a + (p) . cos {vt — x) + 45® — <j> + 1 . 

Expanding the last term, the coefficients of 
sin {vt — 45® — <p 

I ^ 

and cos {vt — x) -h 45® — (j>\ , 


are 


~ cos (a + <^) - ^ sin (a + <^>) . sm , 

2'7rl 


and sin (a + • cos ' 

and the intensity of the light, or the sum of the squares, is 


— j 1 — sin (2a + 2(f ) . sin 






138 


UNDULATOEY THEORY OF OPTICS. 


or 


2 



sin 2'\|r , sin 



161. Since a does not enter into this expression, the ap- 
pearance will not he altered on turning B round its spindle. 
When sin2'>J!^ = 0, that is when ^fr = 0y ox 90^ or 180^ or 270*^, 

the intensity is ~ : this shews that there is a cross with light 

A 

of mean intensity interrupting the rings. When 
* Is > 0 < 90", or > 180" < 270", 
the expression is maximum when 
2??/ Stt Itt 


and minimum when 


27r7 


.L TT kJ II n 

—— ^ j (fee. 

ji A 


hrr 


or maximum when 


^ 3X 7X . 

&c. 


and minimum when 


7=^ 


5A 


, &c. 


When is > 90" < 180" or '> 270" < 360", the expression is 
maximum when 


and minimum when 


-r A 5X p 

^=4’ T’ 


, 3A 7A . 

7 — ^ ^ , &c. 


Thus it appears that of the four quadrants into which the 
cross divides the image, each opposite pair is similar, hut 
each adjacent pair is dissimilar : the bright rings in one quad- 
rant having the same radii as the dark rings in the next 
quadrant.^ And on comparing these expressions with those 
in (157), it will be seen that the effect of placing Fresnel’s 
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rhomb has been to push the rings outward by ^ of an order 
in two opposite quadrants, and to pull them in by | of an 
order -in the other two opposite quadrants. At the same time 
the cross which was perfectly black has now some light. 
The most important difference of character however which 
the use of Fresnel’s rhomb produces is the unchangeability of 
appearances as B is turned round. 

If we compared the rings produced with the same position 
of Fresnel’s rhomb by two crystals, in one of which was 
> and in the other of which was < a", then for a given 

order of rings, that is for those in which the magnitude of ~ , 


without respect to its sign, is the same' sin 


T" 


would be 


positive for the first and negative for tlie second, or vice versd. 
Consequently the bright rings of one crystal would correspond 
to the dark ones of the other. But we have seen that the 
bright rings of one quadrant correspond to the dark rings of 
the neighbouring quadrant. Consequently the rings pre- 
sented by one of the crystals would be the same as those pre- 
sented by the other, supposing the latter rings turned round 
90^ This affords a convenient method of determining whether 
the double refraction of a uniaxal crystal is of the same kind 
as that of a standard crystal (for instance Iceland spar) or of 
the opposite kind. 


Peop. 34. A plate of a biaxal crystal whose optic axes 
make a small angle with each other (as nitre or arragonite) is 
bounded by planes perpendicular to the plane passing through 
the axes and nearly perpendicular to each axis ; light is in- 
cident at a small angle of incidence : to find the difference of 
retardation of the two rays. 


162. The accurate solution of this problem leads to some 
rather complicated expressions: and we shall therefore con- 
in>nt ourselves with a very approximate solution analogous to 
that found in (153). We have found there that the difference 
of retardation was nearly 


T 


2av 


• sin® or nearly = T 




Sin t , 
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where the difference of the squares of velocities of the two 
waves was (c^ — a^) sin^ i ' : or that the difference of retardation 

Ti) • • ' 

was nearly = ^ x difference of squares of velocities of the 

two waves. As the difference of retardation arises solely 
from the difference of velocities, we shall suppose tlie same 
proportion to be true here. Now by ( 125 ) neither of the rays 
undergoes Ordinary refraction, or has a constant velocity. 
Still, even in extreme cases, the velocity of one is so nearly 
a constant == a, that in a calculation depending almost wholly 
on the difference there will be no sensible error in considering 
one as constant and = a. And by ( 123 ), putting v for the 
velocity of the other, 

wliere m' and n' are the angles made by the normal to its 
front with the two optic axes of the crystal (C being always 
small). 

Hence the difference of retardations 

TGav . , . , 

= — sinm .sln^^. 

Now let us consider the system of rays in air which on 
entering the crystal will pass in the directions that we have 
described. Let m and n be the angles made by the same ray 
in air with the rays which on entering the crystal will pass 
in the directions of the optic axes. As all the refracted rays 
(represented by the normals to the fronts of the waves) are 
in the same planes perpendicular to the refracting surface as 
the incident rays, and as all the angles of refraction are very 
nearly in the same proportion to the angles of incidence, it 
follows that all the other small angles depending on them, and 
their sines, are nearly in the same ratio. 

Hence 

sin m = ” sin m nearly, and sin ^ sin n nearly : 
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and therefore the difference of retardations is 

TGa^ . 

— sm m . sin n. 

This as before we shall call L 

Prop. 35. A plate cut from a biaxal crystal, as in (162), 
is placed between the polarizing and analyzing plates : to in- 
vestigate the intensity of the light in diferent points of the 
image seen after reflection from B. 


163. Let </> be taken now to represent the angle made by 
the plane of polarization of either ray with the plane of first 
polarization, and the expression of (155), which is founded on 
no supposition except that the planes of polarization of tlie 
two rays are perpendicular to each other, will apply to this 
case. The intensity of light is therefore 

or jeos^ a — sin 2^ . sin (2(^ + 2a) . sin^ 

Conceive fig. 36 to be the projection of the directions of the 
rays and planes on a sphere (or rather on the tangent plane 
to a spliere) of which the eye is the centre and whose radius 
is r. Let -4, B, thus represent the optic axes, P any ray 
under consideration, DE the plane of first polarization. Put 
B for the angle made by the plane passing through the optic 
axes of the crystal with the plane of first polarization. Let 
PQ bisect the angle APB’, then, by (124), PQ represents the 
plane of polarization of one ray, and therefore 



PQA — (f> -jr 


. , . AP T 

Also sm 771 = nearly, 


sin n : 


BP 


nearly, 


and therefore 


TCa^ 


AP.BP. 


164. Now the form of the brushes interrupting the rings 

. . . o TTjT 

will be discovered by making the multiplier of sin^ — =0. 
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This gives 

sin 2cf> = 0, or sin (2(f> + 2a) = 0. 

Consequently 

tan (2<f) + 2j3) = tan 2/3, or = tan (2/3 — 2a). 

Now refer JP to the point C bisecting AB, by rectangular co- 
ordinates, X being measured in the direction CA and ^ per- 
pendicular to it ; let OA = 5, Then 

tanP-4jP= — ^ : tan PBF= —-7 : 

x—o x+o 

whence tan (2<jJ> -i- 2)3) = tan 2PQA = tan (PPP+ PAF) 
(because PQ bisects the angle at P) 

_ 2a;?/ 

Hence the brushes are determined by these equations : 

— 2 = tan 2/3, 

or (a;* — V — y^) tan 2/3 — 2xy == 0 ; 
^L=.tau(2^-2a), 

or (cc“ — If —2/^) tan (2/8 — 2a) — 2xy = 0. 

These are evidently equations to hyperbolas, of which G 
is the center. As in both of them ?/ = 0 when cc = ± &, the 
hyperbolas defined by both equations pass through A and P. 
The position of the asymptotes will be determined by sup- 
posing X and ?/ very great compared with h : this gives in the 
first equation 

+ 2 cot 2/3 — 1 = 0, or ~ = -f tan /3 or — cot 

X X ^ X ^ 

and similarly in the second 

^ != 4- tan ()3 *-*■ a) or — cot (/3 a). 

X 
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Thin hIicwh tliai both liypt'.rholaH arc rectangular, and that the 
of an^, paralUtl and perpendicular to the plane 
of polarization ; and Uiohc of tlie other inclined to them 
])Y a, or (d’ Nie.tjl’n prinm in used) parallel and perpendicular 
to ila' plaiu'* polarization of tlxe Nicol’s prism. The in- 


T.O UIV' _ 

tcuslly of light in th(5 brushes is 


inf). When /*i 0, or tan 2/3 = 0, and the first hy- 

Dcrholas an‘. tdianp^tal into two st raight lines, one in the direc- 
tion of t!n‘. ot !u‘r pea-pinulicular to it, passing through 

i (I Similarly when /3 a, or — 9(/H-a, the second hyper- 

' holas a,n‘. ebnngtal into a similar cross. Whatever he the 

• vahie. of /‘i, ii* or IKf, llic two pairs of hyperbolas 

cuinehh^. : hut lln‘, value, a ■ 0 gives for the intensity a“, or the 
brush is bright : ami tin*, valine a = 90^^ gives for the intensity 
0^ or tln‘. brush is blaek. 

l()b. h’lu* nature, of tin*, rings Is determined by the varia- 
tions ot value, ot the last te.nii 

ttX 

- sin '2(l> . sin (2</> -1- 2a) . siiv— . 


When IIU"-- a, or > 00" < 180“- a, 

or > 1 HO" - : 27(1" -- a, or > 270“ < 3G0“- a, 

flhc. liinitM of whirli nrf. (Iflcniiinc.d by the hyperbolas already 
(Icsc.rlhrd) till'. liriKld.ii<'SH is Kiv.at(‘,.st when 

/ . 0, or ■ X, or == iiX, (ice. 

' and Icaat, vvdani 

X 3X n 
/• , , 

When c/>:-00'’— a<0(t'’, the. hrit^hl.ncss is greatest when > 


c^*c. and h'lust wdu'H J X-j 2Xj 

Tin- caH.-n wlu-n a-0 or a --Do" will he very easily investi- 
gated hy the. reader. 
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167. It is plain tlien that the general appearance will 
he rings, interrupted hy the brushes, in such a way that the 
bright rings on one side of the brushes correspond to the dark 
rings on the other side (except a = 0 or a == 90®, when the 
number of brushes is diminished, and the rings on opposite 
sides correspond); and that the form of these rings will be 
determined by the equation I= \ x constant; or, by (163), 

-- — ^ AF,jBF=\x constant, 

2vr^ 


or AP.BP— 


2vr^X 
TGa^ ^ 


constant, 


where the constant determines the order of the rings. The 
curves determined by this equation are of the kind called 
lemmscates. If the constant is small, they will be nearly 
circles of which A and B are centers. As the constant is in- 
creased, the circles become elongated towards C: at last they 
become a single curve like the figure 8 crossing at C : then a 
single curve like a ring nipped so as almost to meet in the 
middle : and afterwards a ring slightly flattened. Combining 
this determination with those of (164) and (166) it is seen 
that, supposing values of jS and a similar to those in figs. 35 
and 36, the general appearance is that of fig. 37, where the 
curves represent the dark rings. 


168. Since AP.BPcc constant that determines the order, 
the radii of the successive rings, when they are small and 
nearly circular, are as 1, 2, 3, &c. nearly. In this respect they 
dificr from those of a uniaxal crystal, which are as a/1, a/2, 

&c. (157). And since AP.BPcc^^, the rings are smaller 

with a thick plate of a given crystal than with a thin plate. 

And since AP, BP cc , the rings are smaller with a crystal 

that produces a great difference in the velocity of the two rays 
than with one whose energy is feeble. And since AP, BP cc A 

or rather cc , the curves are cceteris larger for red 

than for blue rays. 
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169. There is however one difference between the curves 
for the different colours which in its nature is unlike any 
thing else that we have yet seen. It is, that the optic axes 
for different colours do not coincide. In every instance how- 
ever the alteration of place is symmetrical with regard to the 
two axes. Thus the two red axes may be less inclined than 
the two blue axes, or vice versd^ but the angle between one 
red and one blue axis is the same as that between the other 
red and the other blue. In one or two instances this angle 
amounts to nearly 10^. The consequence is that the colours 
are not the same in different parts of the rings of the same 
order. Suppose for instance (as in nitre) the red axes are 
less inclined than the blue. As the red rings are larger than 
the blue, we shall, on taking points exterior to A and i?, find 
positions where all the colours are mixed or all are absent, 
and therefore the rings are nearly white and black. If we 
trace the same rings to the positions between A and the 
red rings will very much overshoot the blue rings, and there- 
fore the rings have the colour peculiar perhaps to a high order 
in Newton’s scale. 

170. It was till very lately supposed that the axes of the 
different colours arc all in the same plane. Sir J. Herschel 
has discovered that in some instances (in borax for example) 
this is not true ; the planes, however, as far as yet observed, 
all pass through the line bisecting the angle formed by the 
two axes. The reader will have little difficulty in conjectur- 
ing the nature of the alteration which this irregularity pro- 
duces in the colours of the curves. 

Prop. 36, In the experiment of Prop. 35, Art. 163, 
Fresnel’s rhomb is interposed between the polarizing plate 
and the crystal: to find the form, &c, of the coloured 
curves, 

171. As in (160), the intensity of light at any point is 

~ |l — sin (2^ + 2a) . sin • 

There is a brush interrupting the rings where 
sin (2<^ q- 2a) = 0 : 
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this is the same equation as that which determines the second 
hyperbolas in (164), and which when yS = a or =90^+ a 
becomes a cross. When sin (2<j?> + 2a) is positive, the in- 

3X 7X X 

tensity is maximum if minimum if /= ~ , 

5X 

— , &c.: and the contrary when sin (2 <56 + 2a) is negative. 

These spaces are separated by the brush : consequently the 
bright rings on one side of the brush correspond to the dark 
rings on the other side. The form of the rings is just the 
same as in (167). 

Peop. 37. A plate of uniaxal or biaxal crystal, cut in 
any direction different from those of (150) and (162), is placed 
between the polarizing and analyzing plates : to find the ap- 
pearance presented to the eye. 


172. The general expression for the brightness in (155), 
^ |l 4- cos 2<p . cos (2<jf) 4 2a) 4 sin 2^ . sin {2cj> 4 2a) . cos 


applies to this case. To confine ourselves to the most im- 
portant instances we will make a= 90®, which reduces the ex;- 
pression to 



^1 — cos 


2irl\ 

“x"; 


By I is meant here the space that one ray (which whether in 
uniaxal or biaxal crystals wq shall call the Ordinary ray) is 
retarded more than the Extraordinary ray, and to which the two 
expressions in (162) still apply, observing only that in the 
former i' is the angle made with the axis. The essential dif- 
ference between this case and that of (155) and (162) is, that 
here I is large for all rays which pass nearly perpendicular to 
the plate". 

( 1 ) If the plate be thick, all traces of colours will dis- 
appear (as we have seen in several cases of inter- 
ference where one ray had gained many multiples of 
X on another). For, I being considerable, a very 



C'Ol-OUl 


C-i) 


;K I’KOmiOHl) :iJY GO^rr>T^, 
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.Sin.-ill v:ina(,Ion of \ will 

Li make vary liy 27 r : and 

thus, l^ir tl,„ various lays iuoluded in evev smaU 
,„,rtion of 11,0 si,octvnm, cos^iT will W ail its 

values, noMiUvo atij ■nco-n+^iTo ..v <■ n , 

values will Im = 0. 

inre, lie. >. siu“ x incident llT/^ 

11, „ r,,r 11 tl.o;co?“‘?.’'*b\TnSr.re^ 

i; '.I'V ^ vary from 0 to 360Vand 

llu-. li;d'(. will disappear four .times. It will be 
-realesL when .5& = 45“, 135 <>^ &c. 

dolours may however Toe produced by crossing two 
plates ol very iioarly the same thickness cut m the 
.same, rnmuier from the same crystal. ForletJbe 
tlie,_ retardation ol the Ordinary above the Estra- 
oriliiiary ray in the first, T that in the second; T 
Will bn V(UT iKUirly equal to I, And, the plates 
briiui; at ri^’hi angles to each other, the Ordinary ray 
ol the. lirsi will, he the Extraordinary ray of the 
second. / therefore will he the acceleration in the 
spcojul plate, of Uic same vibrations for which J was 
the retardation, in the jfxi'st : and therefore the whole 
ndardation is I— 1\ and the brightness is now 


sin 


r2c/d |l 


• COS 


27r (/-/') 


or ((? m \‘‘2 <p , sin' 


A 

TT (/” 


r) 


ddn‘, space-, / — /' may be so small that the arc 

rr [I I ) differ little (not more than a fraction 

k ^ 

ol’ir or a, small multiple of tt) for differently coloured 
rays, ainl tluni there will be vivid colours. 

(.1) Colours may als(» be pr-oduced by applying together, 
with tlieir axes pi u-allel, two plates cut from uniaxal 
(iryutidH, mui of Uui positive and one of the negative 
v.liWH (:i,H (luartK and fieryl). For in one of these the 

10—2 
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Ordinary ray in luoHt r(‘l,ar<l(‘,{l, and in the other the 
Extraordinary ray i.s most r(‘.tardcd : and aH tlie Ordi- 
nary ray in one lonns the Ordinary ray in the other, 
the ray which i^s moHt retardt‘.d in the finst in least 
retarded in the B{H^<)r!d, and thus the diilercnce of re- 
tardations may be made as small as we phrase. 

(4) From tl)C bodies whieli eryslalli/a^. in lamime it is 
frequently ])OSHil)le to detat'.h a plah^ so thin that 
it will exliil)it colours: for iustatme Hulphatc (h’liiue, 
or mica, lioth tiu‘.sc arc biaxal : in the former the 
axes arc in tiui ))lan(‘. of the lamiiue: in the latter 
they are in a phuK‘. perpendicular to it, but widely 
separated. 

(5) In all these castes, the colours do not form small rin^s, 
as in the eases that W(*, have tr(‘.aied at length, hut are 
diffused in broad sheets. This arises nu‘.r(‘,ly from 
the circiunstamui that the expression for./ or/—/' 
varies very slowly with the variation of incidence. 
In sul])hatc of lime, for instance, a ray perpendicular 
to the lamime. mak(‘,s 

a ray incliiual to this will ])n)du(‘n viny little alhvra- 
tion in sin sin w on which / d(‘,]H‘,ucls. Tlie same 
is true in mica, wlnn-e. tlu^ ray inaki'.s <^(puil aTighiS 
witli the two axes. If it be inclined in th(‘. plane 
of tlie ax(^s, sin m'.ninn is diminished: if perpen- 
dicular to that [)laue, sin ?;/, sin w' will be incrcaHcal. 

173. If the tliickii(‘,Ms of a lamina of sul|)liate of brm^ or 
mica is such that, for a ray per|H!ndie.uIur to the lamina, 

J = ~ for mean rays, tluj lamina may be used instead of f rcs- 

neFs rhomb. For the light which is incidtmt Is n^solved 
into two sets of vibrations at right angles to each ()tlun% and 
one of these is r(d,ardt‘.d in its pluiHes i)y DlF juore than the 
other ; which is preeistdy th<‘. (dfect o(‘ h'resiud’H rhomb. There 
is however this aiilb.rence betw(ten thcau. In hrcsiud’s rhomb, 
whatever be the colour of the light, tlu^, retardation of the 
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pliase is exactly 90^ or the corresponding retardation in space 
is exactly ^ whatever^ the value of X may be. In the crys- 
tallized plate, on the contrary, the retardation for mean rays is 
exactly j, but it is greater than - for blue rays, and less 

4 : 4 


than ~ for red rays. This is seen most distinctly on putting 

several such laminae together, when the light which is reflected 
from the analyzing plate is coloured : whereas on putting to- 
gether several Fresnel’s rhombs, there is no such colour. It 
is plain that, in substituting such a lamina for Fresnel’s 
rhomb, the plane of vibration of that ray which is least re- 
tarded corresponds to the plane of reflection in the rhomb. 

If a thicker plate (for instance one that produces a differ- 
ence of retardations amounting to 6X for mean rays) be placed 
with its planes of polarization inclined 45^ to that of first 
polarization, the effect on the rings of a uniaxal crystal is 
very remarkable. In two opposite quadrants, the ray wliich 
is most retarded furnishes the Ordinary ray, and in the other 
two the same furnishes the Extraordinary ray. In two oppo- 
site quadrants therefore the difference of the paths of the rays 
of the uniaxal crystal is increased, and in the others dimi- 
nished ; and therefore in two the colours are those belonging 
to distant rings, while in the other two the colours of the fifth 
or sixth ring are pure white and black, as if they were close to 
the center. 


174. The investigations wliich we have given will apply 
to all the crystalline bodies whose laws of double refraction 
are accurately known. Quartz has been mentioned as an ex- 
ception to the common laws of uniaxal crystals. It appears 
that the pha^nomena which it exhibits may be perfectly repre- 
sented by supposing the Ordinary ray to consist of elliptically 
polarized light whose greater axis is perpendicular to the 
principal plane, and the Extraordinary ray to consist of cllip- 


* This is not strictly true, as the same angle of incidence in the rhomb does 
not produce exactly the same effect for all rays : but it is much more exact than 
the other. 
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tically polarized liglit wliose greater axis is in tlie ])riiu‘i])al 
plane: tli esc two rays liaving also the din\‘ren(HC^- nKaitioiual 
in (141): and the ellipses Le.ing clninge.d to eireles wlien tlie 
direction of ilic rays coincides with the axis of the (oystal. 
It is also necessary to snppostt tliat th<‘- axis of nvvolntion 
of tlic S|)hcroid (|)rolnt(‘. for <|uartz) in whidi fhxira, ordi- 
nary wave is SMppos(‘.(l to (liv(‘rg(‘. (1 15) is Itxss than t.lu*, radios 
of the sphere into wlii^di the Ordinary wav<i div(‘.rgcs. Kor 
these investigations wc must refer the rcxadcrlo the (Ja.‘nihrul(jc. 
Transactions y Voh IV. 

Prop. 38. In ev(ny cast', wloo-t' tlu*. Inlmpost^d (oystal 
resolves tlic light into two rays polariztul in plaints al. right 
angles to caeii otht'.r, on turning the analyzing plate tlic 
intensity of the light at taieh point is eoinj)hnu*ntaiy to what 
it was before. 

175. Tliis is stuoi from tlit‘. ex])re.sHlon ol’ (155). On put- 
ting 00” + a for a, the expression heconies 

I 

1 — COS 2('/).cos (2c/)+ 2a) —sin 2(/).sin (20 • l ‘ja) . e,os 

A 

which added to that in (155) rnaht'.s d^, Thus if in ont‘ cast*, 
there is 1)lack, in th(‘- otlie.r thevc, will lu‘. wliih*- : if in on(‘, there 
is an exetiss of r(‘,d at any point and an al)S<*.n(u‘, of bliit*., in 
the other then', will lu^ an al).se:juM‘. of rt‘<l at llui Ha.ni(‘, point and 
an excess of blue., 

If instead of an analyzing plate, we, us(‘ the doubly r(‘,fr;nd« 
ing prism dcserib(‘d in (117), two imag«‘H are se.tn at on(‘.e, in 
different positions, every part of one ol’ which is comple- 



* The cryHl,a,'I in rijidiOhaiKlad or h'ff. han<l(Ml Jieeordin*^ an the Ordinary or 
the Extrnordinju’y ray ia of the (irHt of tht*Ho Iviijdn. SonK'tinu’H (na in marled 
quartz, or am othy at) tlu'. tw(» of <juart/. an' niiK«Mj : tin* optical plucno- 

inena whicli. tlm mijctuia; pnwuta am very n'lnartahlc. It iii to la^ f>)i;>crv(al (a,H 
a conficquenco of wha,t in ataUal in tin* text) tlmt. in tin' direction of the axia tin' 
two rays, circularly |)olarI/.e«l in oppoaito ways, arc traoMinittcd with diUcouit 
velocitioH : no mcciiamhail ilmory lias yet lu'cn foninnl which will comploP'ly 
account lor tills. (Sc(' Ineviwcr Mr 'rovc'y’a j>ap(U'H in the PltlfoHophintt 
zinc.) It is remarkahh' tliat Hcvoral nui<lH (na turpentine, aiufar and w.’i,tnr, Ac.) 
possess this property, and ov'ou tlm vapour of turpentine: and apparently in all 
directioiiB. 
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mentaiy to the corresponding part of the other. For, one 
pencil emerging from the prism consists only of vibrations 
perpendicular to the plane of refraction of the prism, and 
therefore presents to the eye the same image as the analyz- 
ing plate in a given position : the other consists only of vi- 
brations in the plane of refraction, and therefore presents the 
same image as the analyzing plate in the position differing 90® 
from the former. 

Prop. 39. Glass under pressure possesses double refrac- 
tion. 

« 

176. This was experimentally shewn by M. Fresnel in 
the following manner. A number of prisms were placed as 
in fig. 38, and to prevent loss of light a fluid of nearly the 
same refractive power was di’opped between the adjacent sur- 
faces. The ends of A, B, G, D, were then violently pressed 
by means of screws. On passing a ray of light through the 
combination it was divided into two, one polarized in the 
plane of the paper and the other in the perpendicular plane. 

177. It is found also that pressure affects the separation 
of the two rays in crystals which possess the property of double 
refraction. This leads to the presumption that double refrac- 
tion is produced generally by a state of mechanical constraint 
in the particles of bodies. 

178. According to our preceding theories, since com- 
pressed glass possesses double refraction, it ought, when pro- 
perly interposed between the polarizing and analyzing plate, 
to exhibit colours. This may be seen on squeezing by means 
of a screw a piece of glass and holding it in the apparatus. 
But it may be best exhibited by taking a thick piece of plate 
glass which is polished at the edges, and bending it by a 
weight or a screw pressing the middle, and in that state 
placing it edgeways between the polarizing and analyzing 
plates at an angle of 45® to each plane of reflection. A black 
line is seen along the rniddlc extending the whole length, 
with stripes more and more coloured on each side : the num- 
ber of stripes is greatest in the middle of tlie length (per- 
haps six dark and as .many bright) : towards the ends the 
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strijoes become broader and fewer, and tlie ends are wholly 
black. It is plain here that the central black line is seen in 
those parts which suffer no strain ; and that those which are 
extended as well as those which are compressed possess double 
refraction. On putting a plate of mica across it, with the 
plane of its axes, either parallel or perpendicular to the plane 
of the glass, and comparing its effects on the fringes with 
its effects on the rings of Iceland spar, &c., it is found that 
the double refraction of the compressed parts is of the same 
kind as that of a negative crystal, and that of the extended 
l)arts of the same kind as that of a positive crystal, the 
axis being supposed to lie in the direction of the length of 
the plate glass. 

179. It is found also that if glass is heated in one part, 
or if it is heated generally and cooled in one part, or if it is 
made nearly red hot and suddenly cooled by placing between 
cold irons, &c., it possesses the property of exhibiting beau- 
tiful colours divided by black brushes, &c., when placed be- 
tween the polarizing and analyzing plates. There is no doubt 
that the glass is here in a state of mechanical constx'aint. On 
turning the glass, the black brushes are seen to pass by turns 
over every part. This determines the plane of polarization 
of the rays at every part of the glass, since at that point (172) 
cf> must = 0, 90*^, &c. : that is, the two planes of polarization 
are then parallel and perpendicular to the plane of first polar- 
ization. 

180. Between constrained glass and crystals there is 
however one important difference. The rings, &c. exhibited 
by crystals respect a direction which is independent of the 
size of the specimen or the part from which it is taken. The 
smallest fragment of crystal properly shaped may be made to 
exhibit the rings as well as the largest. In constrained glass, 
on the contrary, the rings and brushes cannot he seen, except 
the specimen is placed so far from the eye that the whole can 
be seen at once : and then we perceive an effect, not similar 
to that produced by rays passing in different directions through 
the same crystal, but to that produced by a number of crystals 
of different doubly refractive power arranged in different posi- 
tions and then united into one system. 
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181. It iRRy useful to examine tlie effects of tlie three 
whieli are iu‘,cc‘,SHary, and. in a particular order, for the 
exhibition of ilu‘.se appcairances : namely the polarizing plate. 


ajjl ai JJOiJ. l/lV-zULLOii. VXVJ-VJA, 

exon/M,*'-.. I I . namely the polarizing plate, 

the analyzing aud the interposed crystal. We shall 

Pegin with the last. 

It is niaa^ssary that there sliould he an interposed body 
for the piirpost^. of altcu-ing tlie nature of the ray in order to 
make it ndlnxibh^ at the analyzing plate. We know of only 
two ways in wiruh this can l)c done. One is, by resolving 
tlu‘. vibrations int.o two parts and suppressing one of them. 
Iliis is (lone- if pial.e, of tourmaline with its axis inclined 45® 
to both pianos of ndlectiori is interposed; light is then re- 
llerhsl from tbi‘. analyzing plate. The other is, by resolving 
the. vibrations into l.wo parts and retarding one; the retard- 
ation b<‘ing oiiluvr constant (measured by its effect on the 
nhasi‘s), or varying with the colour of the light and with the 
(linH’J.ion of the ray. ''bhc first of these is done when Fresnels 
rhomb is intcrposc.d : the second when a crystal or any body 
o()ss(*ssinr double. rclVaction is interposed. In either of these 

risi's th(‘.' until ri‘. of the light conrpounded of these two parts 

,i llu'.y in <Vi(Ve,vc,nt, from that of the light which 

miters But. in th(‘. former case, the change in the natme ot 
. 1* .1.1. r,. +l-n:s aQTrifi ■fnr all ravs nearly 


Uic, ciiuM-Kt-nt. 


’iner case, me xu. 

i<'*ht, is sensibly the same for all rays nearly 

ill the latter case, it is very different even 

i!.. L*4-flo When the manes 


h, oiu' (linH’tion: in l.nc larrcr ease, il is - — 

for m vo wloroo iiio,liii:i(ioTis did very little. _ WleQ tie planes 

of rofli-rlioii at tho, polaviamg and analyzing plate OTincide, 

rivana . » neerSnory in order to e the ligtt 

It t'ti" “ ** ” 

It i» li,-oas«.y tor tiro esrhlMtion of 

Ilirro ala.atl to an amdyr.mg PM® ; pto- 
rosolnlian tlnd If 

daoad liy tin. anion, ot tlm resolved P»^. „( the 

1 „„ 1,001. .rlanl.al, .« oonntant (J^)' ^„Wng this 
liol.t hofovo it was S' S, fpto two parts, and 

uniti'd liftbi aecoidmg t < different directions the 

pntHin-vinK one, it: .h “ vaSS iBasmuch as the 

„v,Hcrvc..l part; will l>avc crystal in different 

uituiT, of the. light, emerging fiom the cry 
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directions is different. And this in fact is the origin of the 
coloured curves. But there is no necessity that the resolution 
should he (as we have commonly supposed) into two sets of 
vibrations at right angles to each other, of which only one is 
preserved. For instance, if Fresnel’s rhomb is interposed 
between the crystal and the analyzing plate, coloured rings’^* 
of a different land are seen. This artifice amounts to the 
same as resolving the light when it emerges from the crystal 
into two rays, both elliptically polarized, of the opposite kinds 
mentioned in (141), and preserving only one. If any other 
kind of resolution could be conceived, it would serve as well 
for exhibiting coloured rings, of forms probably different. 

With respect to the necessity for a polarizing plate, there 
is a little more difficulty. We see from theory, as well as 
from observation, that light consisting of vibrations parallel 
to a certain plane will, after passing through the crystal and 
undergoing analyzation, exhibit coloured rings. But we see 
also that other kinds of light will do as well. For instance, 
circularly or elliptically polarized light (of which one has lost 
all trace of polarization according to the usual tests, and the 
other has but imperfect traces) will exhibit rings. Common 
light however will not exhibit rings. 

182. It becomes then a matter of interest to inquire what 
is the difference between common light, and the class com- 
prehending plane-polarized, circularly polarized, and ellip- 
tically polarized light. Now for a given colour of light, (that 

* There is no difficulty in investigating their form. Each of the rays 
emerging from the crystal is to be resolved into two sets of vibrations, one 
parallel and one perpendicular to the plane of reflection in the rhomb : the iiliase 
of the former is to be accelerated 90 ^^ ; and the light emerging from the rhomb 
is to be resolved as usual at the analyzing plate. If the incident light is circularly 
polarized, and a uniaxal crystal is interposed, the rings are circular without any 
brush or cross : the center is bright or black according as the twe Fresnel’s 
rhombs have their planes of reflection coincident or at right angles to each 
other. If a biaxal crystal is interposed, the rings are uninterrupted, as there is 
no brush of any kind. This experiment is worthy of notice, as being the only 
one (so far as we know) in which the rings, and especially the lemniscates, are 
seen in their whole extent without interruption. Instead of placing a Fresnel’s 
rhomb between the crystal and the analyzing plate, it is more convenient to use 

a plate of mica which retards one ray more than the other by - : and to place 

it with the plane of its axes inclined 45® to the plane of polarization. 
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isj where the length of waves is invariable), and for a given 
intensitj of light (that is, where the coefficient of vibration is 
invariable), the most general kind of light that we can con- 
ceive is elliptically polarized light ; inasmuch as the union of 
any number of vibrations in any directions and following each 
other at any intervals will produce elliptically polarized liglit. 
Common light therefore must be elliptically polarized (in- 
cluding in this term plane and circularly polarized). The 
pha3nomena of interference, which are exhibited in every re- 
spect as well with common light as with polarized light, 
require us to allow that many successive vibrations are ex- 
actly similar to each other. For instance, on examining 
Newton’s rings, when the incident light is that of a spirit- 
lampj or that from any one point of the solar spectrum (which 
are nearly homogeneous), fifty or sixty rings may be seen 
very well, and perhaps more in favourable circumstances. 
Since the sixtieth of these rings is produced by the inter- 
ference of a wave with the sixtieth following wave, we must 
conclude not only that sixty successive waves are exactly 
similar, but that a large multiple of sixty successive waves 
are exactly similar. The state of the investigation then at 
present is this. The phsenomena of interference, combined 
with our most general ideas on the nature of light, compel us 
to suppose that common light consists of elliptic vibrations, 
many of which in succession are exactly similar. The dif- 
ference between the phenomena of polarization (with a crystal 
and an analyzing plate) exhibited by common light and by 
elliptically polarized light, shews that common light docs 
not consist of an indefinite succession of similar elliptic vibra- 
tions. 

183. The only supposition that seems able to reconcile 
these conclusions is this. Common light consists of successive 


* We have not mentioned here the law discovered by the French philoso- 
l^hers, that if two streams of common light from the same source were polarized 
in jdanes peipcndicular to each other, and afterwards brought to the same phmo 
of polarization, they would not interfere ; hut if two streams of polarizetl light 
from the same source were treated in the same way, they would interfere. Idie 
fact is, that the observing of rings, &c. in crystals is far the best way of making 
the experiment ; the crystal which has double refraction exhibits the two ra^’s 
polarized in perpendicular planes and the analyzing plate brings them to the 
same j>lane of polarization. 
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series of elliptical vibrations {including in this ter m plane and 
circular vibrations)^ all the vibrations of each series being 
similar to each other ^ hut the vibrations of one series having 
no o^elation to those of another. The number of vibrations in 
each series must amount to at least several hundreds ; but the 
series must be so short that several hundred series enter the eye 
in every second of time. 

It must Tbe observed that a gradual change in the nature 
of the vibrations is inadmissible. If, for instance, we sup- 
posed the vibrations elliptical, and supposed the ellipse to 
revolve uniformly about its center, it would be found that 
the vibrations in each plane could be resolved into two whose 
lengths of wave were different; and compounding the cor- 
responding vibrations in perpendicular planes, we should 
have two rays of elliptically polarized light of different co- 
lours. 

As a simple instance of our general supposition, suppose 
1000 similar vibrations in one plane to be followed by 1000 
vibrations, of magnitudes equal to the former, in the plane at 
right angles to the former plane ; then 1000 in the same plane 
as at first, &c. The succession of similar waves would be 
sufficient to give all the phsenomena of interferences in per- 
fection. At the same time, no colours would be exhibited 
with a crystal and an analyzing plate. For the first series 
alone would give rings and colours, but the second would 
give rings, &c. with intensities exactly complementary^* to 
the former : and as these would enter the eye in such rapici 
succession that we could not distinguish them, we should 
only perceive the combined effect, which would be a uniform 
white. 

184. We have always spoken of the colour of a ray as if 
it alone were sufficient to identify the nature of the ray. 
Perhaps, however,' it would have been better to consider a 
ray as defined by its refrangibility. The remarkable expe- 
riment of Fraunhofer (84), from which it appears that the 
interruptions in the spectrum formed by interference corre- 

i V ' ' . . 

* Tliis is seen in our expressions (155) by putting <^ + 90® instead of 0, and 
a - 90® instead of a. 
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spond exactly to those in the spectrum formed by refraction, 
seems decisive as to this point, that rays of the same re- 
frangibility are produced by waves of the same length. It 
has, however, long been the opinion of some philosophers 
that there are rays of different colours which have the same 
degree of refrangibility, and that there are rays of the same 
colour with different degrees of refrangibility. Taking this 
as established, the conclusion seems to be, that colour does 
not depend on the length of a wave, but probably on some 
other circumstance, as perhaps the nature of the vibration. 
The law of vibration may be, not that of a cycloidal penclu- 
lum (as we have all along supposed), but something slightly 
different. It may be that the effect of an absorbing medium 
is to suppress all that part of the vibration which follows that 
law, and to allow only the other to pass. These, however, are 
very vague conjectures, which can scarcely be examined till 
our knowledge of the subject in question is much more exten- 
sive than it is at present. 
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